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Abstract In this study, the problem of adaptive fuzzy
wavelet network (FWN) control is investigated for non-
linear strict-feedback systems with unknown functions,
unknown virtual control gains and unknown input satura-
tion. An adaptive FWN as an adaptive nonlinear-in-pa-
rameter approximator is proposed to represent the model of
the unknown functions. Saturation nonlinearity is described
by the dead-zone operator-based model which does not
require the bound of the saturated input to be known. Then,
a novel control scheme is designed based on the adaptive
FWN, the saturation model and the dynamic surface con-
trol approach. The proposed control scheme does not
require any prior knowledge about input saturation,
unknown dynamics and unknown virtual control gains. It
simultaneously eliminates the “explosion of complexity”
and “curse of dimensionality” problems; also, the design
approach avoids the controller singularity problem com-
pletely without using projection algorithm. The stability
analysis is studied using Lyapunov theorem; it shows that
all signals of the resulting closed-loop system are uni-
formly ultimately bounded and the tracking error can be
made small by proper selection of the design parameters.
Comparing the simulation results of the proposed
scheme with other control methods demonstrates the
effectiveness and superior performance of the proposed
scheme.
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1 Introduction

Input saturation is one of the most important non-smooth
nonlinear input constraints that usually appears in various
practical systems such as electrical machines [1], robot
manipulators [2], autonomous underwater vehicle [3, 4],
MEMS [5, 6] and spacecraft [7, 8]. The presence of such
nonlinearity should be explicitly considered in the control
design schemes; otherwise, it may result in undesirable
properties such as inaccuracy and degradation of the con-
trol performance or even, it may lead to instability of the
closed-loop system. On the other hand, the most of prac-
tical control systems have nonlinear and uncertain beha-
viour [9]. Therefore, control of nonlinear uncertain systems
with input saturation has attracted more attention, recently
[10-17]. To compensate the saturation constraint in non-
linear systems, various robust and adaptive schemes have
been developed, such as model predictive control [14],
variable structure control [15], robust H,, control [16] and
quantitative feedback theory [17].

Among the developed approaches, adaptive approxi-
mator-based backstepping techniques provide a systematic
framework for designing of the control schemes [18]. They
invoke conventional approximators such as neural net-
works (NNs) or fuzzy systems (FSs) to approximate the
unknown functions of the system, and then, they employ
adaptive techniques to provide systematic framework for
controller design [13, 19-26]. So, they can handle a large
class of uncertain nonlinear systems that their uncertainty
does not satisfy the matching condition, or cannot be
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linearly parameterized. Also, it is applicable to the cases
that their uncertainty is completely unknown [27-31].

However, the aforementioned schemes based on the
backstepping technique require the reference signal and its
time derivatives up to nth order to be continuous and
bounded; also, they suffer from two main difficulties. The
first one is the “explosion of complexity” problem which is
arisen because of repeated differentiations of nonlinear
functions that appear in the design of virtual control inputs
at each step. The other one is the “curse of dimensionality”
which is arisen due to using NNs or FSs as a linear-in-
parameter (LIP) approximator.

To overcome the “explosion of complexity” problem,
the dynamic surface control (DSC) technique was proposed
in [32]. It introduces a first-order low-pass filter at each
step of the backstepping design procedure to avoid
appearing of repeated derivatives of virtual control inputs
and consequently to avoid “explosion of complexity”
problem. Recently, some advanced DSC designs have been
proposed. In [33], adaptive DSC scheme was proposed for
a class of strict-feedback nonlinear systems with mis-
matched parametric uncertainties, where a composite
learning scheme is used to update parametric uncertainties.
A command-filtered backstepping adaptive control was
proposed for a class of strict-feedback nonlinear systems
with functional uncertainties in [34]. It proposes NN
composite learning technique to guarantee convergence of
NN weights to their ideal values without the persistent
excitation condition. Design of composite adaptive DSC
based on online recorded data was proposed in [35]. It uses
both of tracking and prediction errors to update parametric
estimates. Also, some of existing papers [36—40] have been
proposed DSC-based control scheme for uncertain non-
linear systems with input saturation. In [36], a Gaussian
error function-based saturation model was proposed and
the Nussbaum-type gain function was used to deal with the
unknown control direction. In [37], a hyperbolic tangent-
based saturation model was used and a nonlinear distur-
bance observer was designed to estimate the effect of the
disturbance. A Gaussian error-based model was proposed
to describe the asymmetric saturation nonlinearity in [38],
and then, a DSC-based control scheme was developed.
Also, fuzzy-based DSC schemes were developed for
uncertain nonlinear systems with input saturation in
[39, 40].

The proposed works in [36—40] remedy the “explosion
of complexity” problem, but they have two limitations.
The first one is the need for the known bound of the sat-
urated input, and the second one is the “curse of dimen-
sionality” problem.

To overcome the first limitation, a dead-zone operator-
based model was introduced to describe the saturation
constraint and to develop adaptive backstepping controller

@ Springer

for a class of nonlinear systems [41]. The considered sys- 122
tem in [41] is not in the strict-feedback form; also, it does 123
not solve the singularity problem. In [5], the stabilization 124
problem of spacecraft rendezvous in the presence of the 125
input saturation was investigated. In [42], a novel three- 126
dimensional law based on input-to-state stability and non- 127
linear robust H, filtering was proposed for interception of 128
manoeuvring targets in the presence of input saturation. 129
The robust constrained control was designed for MIMO 130
nonlinear systems in [43]. In [5, 42, 43], it is assumed that 131
the dynamics of the system and the virtual control gains are 132
known and so, they do not use approximator-based control 133
approach. The dead-zone model-based DSC control 134
scheme was developed for stochastic nonlinear systems in 135
[44]. However, the singularity problem and “curse of 136
dimensionality” problems have not been solved. 137

The second limitation or “curse of dimensionality” 138
problem is the result of using NNs or FSs as a LIP 139
approximator to approximate unknown functions. When 140
NNs or FSs are used as LIP approximators, the number of 141
basis functions grows rapidly as the dimension of the 142
argument vector of the functions increases. It results in a 143
large number of basis functions, adjustable parameters and 144
leads to large structure. Large structure requires long 145
learning time and high computational load that make it a 146
time-consuming process. Therefore, complexity of the 147
controller grows drastically as the order of the system 148
increases. Furthermore, as Barron shown in [45], the LIP 149
approximator has integrated square approximation error of 150
order O(1 /N)z/ " while the nonlinear-in-parameter (NIP) 151
approximator has integrated square approximation error of 152
order O(1/N) where N is the number of basis functions and 153
n is the dimension of the input to the function [45]. Asitis 154
inferred, the bound of the approximation error depends on 155
n. So, in order to achieve the same approximation error for 156
the same type of functions (to be approximated with 157
dimension n > 2), the LIP approximator requires more 158
basis functions and this leads to “curse of dimensionality”, 159
while for the same accuracy of approximation, the NIP 160
approximator uses less number of basis functions than the 161
LIP approximator and it can better avoid the curse of 162
dimensionality problem [46]. So, compared with the LIP 163
approximators, the NIP approximators can achieve the 164
same quality of approximation with a smaller size of net- 165
work, especially for higher-dimensional functions. In other 166
words, the NIP approximator can achieve better quality of 167
approximation with the same size of LIP approximator. [JX¥J 68

In this work, in order to avoid the “curse of dimen- 169
sionality” problem (which is inevitable in the LIP 170
approximator-based control schemes) and to avoid the 171
singularity problem, the FWN as an adaptive NIP 172
approximator is proposed to approximate unknown terms 173
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of the system without any prior knowledge about the
unknown functions and control gains. For the same
approximation accuracy, application of the FWN as a NIP
approximator is more simple than the LIP approximator
(like FSs or NNs) in terms of the size, structure and number
of parameters. However, theoretical analysis of the LIP

18X approximator is simpler than the NIP one.
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In the traditional adaptive fuzzy control, the consequent
parts of the TSK-type fuzzy rules are represented by either
a constant or a linear function of the input variable and a
constant term. These consequent parts do not provide full
mapping capabilities. TSK-type fuzzy systems do not have
localizability. They model the global features of the pro-
cess, and their convergence is generally slow. Also, they
require a high number of rules for modelling of complex
nonlinear processes with the desired accuracy. Increasing
the number of the rules increases the number of neurons of
the network. While, fuzzy wavelet network is a combina-
tion of fuzzy logic, wavelet theory and neural network.
Contrary to the traditional TSK-type fuzzy networks, FWN
uses wavelet functions in the consequent part of fuzzy rules
and it can take advantages of the rigorous approximation
theory of wavelet basis function expansion. Wavelet is a
nonlinear function of input variables that analyse non-sta-
tionary signals and reveals their local details. Fuzzy logic
reduces the complexity of the data and deals with uncer-
tainty. Neural networks have self-learning characteristics
that increase the accuracy of the model. So, their combi-
nation develops a system with fast learning capability that
can describe uncertain nonlinear systems [47, 48].

This work proposes a dead-zone operator-based adap-
tive fuzzy wavelet dynamic surface control scheme for a
class of uncertain nonlinear systems with unknown control
gains and unknown input saturation. A dead-zone operator-
based model is proposed to describe the saturation non-
linearity with unknown saturation bound. Adaptive FWN
as an adaptive NIP approximator is proposed to model
uncertain nonlinear dynamics. Then, the DSC approach is
applied to develop a systematic design procedure for con-
troller design. Stability analysis shows that all signals of
the closed-loop system are uniformly ultimately bounded
and the tracking error can be made small by the proper
selection of the design parameters. The main contributions
of this work are summarized as:

e Unlike the most of the existing schemes that use NNs or
FSs as an adaptive LIP approximator, the proposed
approach uses adaptive FWN as a NIP approximator
and design adaptive learning laws to tune all of linear
and nonlinear parameters of the network. So, it avoids
the “curse of dimensionality” problem which is
unavoidable in the adaptive LIP approximator-based
control schemes developed in [18, 27-31, 36-40].

e Unlike [5, 38, 39, 43, 44], in this work, the virtual
control gains are assumed to be unknown. Furthermore,
the proposed design strategy avoids the singularity
problem which has not been solved in many of the
existing papers like [41, 44].

e Because of using DSC approach, the proposed
scheme avoids the “explosion of complexity” problem
which is inevitable in the backstepping-based schemes
as in [18, 27-31].

e To eliminate the known bound assumption of the
saturated input that exists in some of the existing works
like [18, 36-40], a dead-zone operator-based model is
employed to describe the saturation nonlinearity. Fur-
thermore, the dead-zone model-based description
describes various kinds of saturation such as hard-limit
saturation and soft-limit saturation and it does not
require the exact model of the input saturation.

The rest of this paper is organized as follows. Problem
statement is stated in Sect. 2. Section 3 describes the FWN,
briefly. Section 4 is devoted to the design of the proposed
scheme, and it presents the main theorem. In Sect. 5,
simulation and comparison results are presented to show
the effectiveness and superior performance of the proposed
scheme. Concluding remarks are given in Sect. 6. Finally,
stability analysis of the closed-loop system is provided in
“Appendix A”.

2 Problem Statement

Consider a class of uncertain strict-feedback nonlinear
systems with input saturation in the following form:

% = fi(x:) + gi(xi)xip, 1<i<n—1

Xn :fn(xn) + gn(xn)u(v) (1)
y=x

where x; = [x| X X" eR,i=1,2,..n,is the

state vector, y € R is the output variable; function terms
fix;):R"— R and gi(x;,):R"—R (i=1,2,...,n) are
unknown smooth nonlinear functions, g; called the control
gain function. v € R is the control input and u(v) € R is the
saturated control input described as:

u(v) = sign(v)usae, V| = hsat
v, |V|<usal

(2)

where ugy is an unknown constant parameter. In this work,
it is assumed that all state variables of the system (x;,
i=1,2,...,n) are measurable.

Remark 1 The relationship between the applied control
input u# and the desired control input v has two sharp cor-
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DSC techniques cannot be directly applied to design the
controller.

To deal with the saturation nonlinearity, the dead-zone
operator-based model [41] is used to model the saturation
function. This model is

R

utv) = pov = [ plr)dz (e ®)
0

where p(r) is a density function that satisfies

0<p(r) <pmax for r>0 and p(r) =0 for r > R; also,
[ rp(r)dr<oo, and py = [i¥ p(r)dr is a positive constant,
and dz,(v) : R — R is dead-zone operator that is defined as
dz,(v) = max(v — r,min(0,v +r)). Also, the saturated
value ug, is obtained as follows:

R
Uge = lim u = lim | pyv — /p(r)dz,(v)dr (4)
0
Since  lim,_. dz,(v) = lim,_. (max (v — r, min(0,

v+r)) =v—r, so saturated value in (4) is calculates by

R
= lim v = [ plr)(v = r)ar
0

It is worth to note that different types of density functions
that satisfy the mentioned properties can be used to model
various forms of saturation nonlinearities.

In order to show the capabilities of the dead-zone
operator-based model for describing saturation nonlinear-
ity, an example is given. For this, consider the saturation
nonlinearity (2) with ug, = 2.5 and the following p(r):

02 0<r<R=5
p(r) =19

r>5 (6)
Dead-zone operator dz,(v) is shown in Fig. 1a; as it is seen
from Fig. la, we have

(a)

6 T T T T T T T T T
)
~. Of .
N
T
~ 1 1 1 1 1 1 1 1 1
10 -8 ] 4 -2 0 2 4 6 8 10
(b)
3 T T T T
Dead-zone operator-hased model s
2] === Saturation nonlinearity ]
1 - -
Z o} ]
5
=1 | 4
2+ 4
1 1 I_ - 1 | 1 1 1 1
10 g B 4 2 0 2 4 ] 8 10
v

Fig. 1 a Dead-zone operator, b dead-zone operator-based model and saturation nonlinearity
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v+r v< —r
dz,(v) =< 0 —r<v<r
V—r v>r

Now, by substituting dz,(v) into dead-zone operator-based
model (3), u(v) is obtained. Output of the dead-zone opera-
tor-based model and saturation nonlinearity are shown in
Fig. 1b. As it is seen from Fig. 1b, the output of dead-zone
operator-based model reaches the saturated values ug = 2.5
at R =15. This verifies the capability of the dead-zone
operator-based model to describe the saturation nonlinearity.

Now, considering (3), the nonlinear system (1) can be
rewritten as:

=filx:) + gi(xi)xip1, 1<i<n-—1
R
= fa(xn) + Blxn)v — gn(xn / r)dz (v (7)
0
y=x

where B(x,) = pogn(xn).

Remark 2 Because of using the dead-zone operator-based
model for saturation description, the saturation nonlinearity
is represented in continuous differentiable form such that
the DSC technique can be applied.

Assumption 1 The desired trajectory y, is a sufficiently
smooth function of ¢ and y,, y; and y,; are bounded, i.e.
there exists a known positive constant B such that the set

IT .= {(yd,)}d,jid) : y?, —|—y§ —Q—)’ifl §B} is compact [32].

Assumption 2 The sign of g;, i =1,2,...,n is known.
Furthermore, there exist positive constants g;; and g5 such
that g; < |g;| < gni. Without losing generality, it is assumed

that g;, i = 1,2,...,n, is a positive constant.

Assumption 3 There exists a known positive constant g¢,

i=1,2,...,n such that |¢;(.)| < g? in the compact set Q;.

Remark 3 Assumptions 2 and 3 imply that g, and g, are
bounded. Furthermore, from the description of the dead-
zone operator-based model p, is a positive constant. So, it
is reasonable to conclude that f(x,) satisfies

B < |B(xn)| < By and |B(xa)| < .

The control objective is to design a dead-zone operator-
based adaptive fuzzy wavelet dynamic surface control
scheme such that the system output y tracks a desired tra-
jectory yg, and all signals of the closed-loop system remain
uniformly ultimately bounded. Furthermore, the tracking
error can be arbitrarily made small by proper selection of
the design parameters.

Before the design of the proposed scheme, a brief
description of the FWN as an adaptive NIP approximator is
presented in the following section.

3 Fuzzy Wavelet Network as an Adaptive NIP
Approximator

In this work, FWN is used as an adaptive NIP approximator
to approximate the unknown continuous functions /#;(z;) :
R —R, i=1,...,n by a set of N fuzzy rules in the

following form [48]:
Rulej: If z; is AJ,... and z; is A/,

. . ! 8
Then k] = 0/ H @ (0(zx — cig)) )

wherej=1,2,... ,N,i=1,2,...

variables of the network, hlj is the output variable of the jth

, 1, Z1,. . ., z; are the input
rule, 0/ € R is the weight of the network, ¢(wyj(zx — ci))
is a wavelet function that is obtained from translation and
dilation of the single mother wavelet function; also, Aij
represents the linguistic term that is characterized by the
Gaussian-type fuzzy membership function as:

(@) = exp(— (@3(z — ))) 9)

where w;; and c;; denote the inverse of width and centre of
the Gaussian membership function that are chosen as the
same as dilation and translation parameters of wavelet
functions, respectively. Combination of the firing strength

of the jth rule as []}_, pyi(zx) and wavelet function
k

[T, (wii(zx — ;) forms the jth fuzzy wavelet basis
function 1//j as [48]:

¥ (zi,cj, 05) = (Hexp( o zk—ck,))z))

(10)
«(ITotonta-a)
k=1
The output of the above FWN is computed as:
h(zlacl;wm z Zelp zlvclvwl (11)
where i=1,2,...,n, ¢ =[ci,ci,...,cv] €RY is the
translation parameter vector and @; = [w;1, Wi, - . ., a),-N]TE

RY is the dilation parameter vector. For simplicity, the
output of FWN in (11) is expressed as:

hi(ziaciawi70i) = o;r!ﬁj(zi?ci?wi) (12)
where ¥; = Wi, yy]"€ RY denote the vector of the
fuzzy wavelet basis functions and 0; = [0},..., oy ]Te RN

is the weight vector.
According to the universal approximation property, the
FWN can approximate any continuous function h;(z;)
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defined over a compact set Q, C R’ to any arbitrary
accuracy o; [48]. So, there exist an ideal weight vector 6
and ideal dilation and translation vectors w; and ¢} such
that

hi(z;) = Glel,(zi,c;,a);) + 5?(z,-) (13)

where 07 (z;) is the approximation error that satisfies

0; (zi)’ < 6; [48]. According to the universal approxima-
tion theorem, 6}, ¢}, ] are bounded. So, the ideal param-
eter vectors are norm bounded.

Assumption 4 The norm of the ideal parameter vectors is
bounded; so, there exist unknown constants 0;, ¢; and @;
such that ;707 < 0;, ¢;Ter < ¢; and T} < @;. However,
the ideal parameters are unknown. So, it is necessary to
estimate them. In the following, 0, é; and @&; denote the
estimation of ideal parameters 6, ¢; and w;, respectively.
So, the approximated function is defined as:

A ~T R
hi(z;) = 0, '/’_,'(Ziacjawj)
The structure of the FWN is shown in Fig. 2.

(14)

In the following, for ease of notation, ideal and
estimated basis functions y; (x,-,c;,wf) and ¥, (x;, ¢j, @;)
are represented by !/I]* and !/;j, respectively.

Remark 4 It must be noted that the designed adaptive
FWN as a NIP approximator can be used in both online and
off-line applications. However, in this work, it is used
online and requires no prior knowledge or off-line learning
and all of its parameters are adjusted online based on the
adaptive laws.

4 Design of the Proposed Control Scheme

In this section, in order to avoid the problems of “explosion
of complexity” and “curse of dimensionality”, the pro-
posed adaptive FWN-based DSC scheme is designed for
the uncertain nonlinear system (7) in the presence of input
saturation. The design procedure is described as follows:

Step 1 The first error surface or tracking error is defined
as:

i

Clis @y seees Cyp s @

[1#,G)

i—=1

Fig. 2 Structure of the adaptive fuzzy wavelet network
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(15)

Invoking (7) and differentiating (15) with respect to time
yields:

€1 =Y —Yd

(16)

Assuming x, as a virtual control input, the desired feedback
control is designed as:

ér=fi+g1x2— Yy

1 .
v; = —kie *éjl(fl —Ya) (17)

where k; is a positive design constant; Since g; and f; are
unknown smooth functions of x;, the desired feedback
control input v3 in (17) cannot be implemented in practice.

Let us define hi(z;) = (1/g1)(fi —y,;) where z; =

[x1,y,]" and employ adaptive FWN to approximate &, (z, ).

Considering (13), v5 in (16) can be expressed as:
V; = —klel — BTTIII(ZhCT,(DT) — 5T

(18)

Since the ideal parameters 607, ¢}, o} and the approxi-
mation error 5T are unknown, the virtual control law is
proposed as:

AT N N
vy = —kiey — 0,¥(z1,¢1,01) (19)

where él, €1, o are the estimations of 0], ¢}, ] which
are adjusted by:

é] ="M (('ﬁl —A'lr(f)l — B'lrél)é‘l — Gél)
¢ = Vz(Blélel - 051)
1 =7 (Alélel - 0651)

where A; = (g%:)’ ~and By = (aa%,)
m|=wm|

(20)

L V1 V2 and
c1=C|

75 are learning parameters and ¢ > 0 is a design parameter.

To avoid repeated differentiating of v, which leads to
the “explosion of complexity” problem, the DSC tech-
nique is employed. Let v, pass through the first-order filter
with time constant 7, :

Tovor +vor = v2 , v2r(0) = v2(0) (21)
Defining ey =x, —vyr and #, = vy — vy results in
Xy = ey + 1, + v2. So, (16) can be written as:
ér=fi+gi(ea+m+v)—y,

=gl +gi(e2+ 1 +12) (22)

=gi(e2+ 1y —kiey + Iy

~ AT~ . .
where /1 = 07"y} + 0} — 0,y is the approximation error.
Differentiating 1, with respect to time and substituting
(21) in it and using #, = vor — v, results in:

. . . V) — Vv .
My =Vyr — V2 = 212 fovzz—’:—j
vy v, Oy . ovy Yy .
==&+ d et
(661 LTy, g T oy, By e )
WOy 5 OV Yy O Y o )
oYy 00, = O 0¢ | Y00
:_%+M2<617€2’1/’27élaéhd)layd?yd)

where M,(.) is a continues function. For any B and p, the
sets T1:={(ya,Yq, ¥g) : Y3+ ¥4+ ¥5<B} and II; :=

{e% +e3 4+ + 6{61 +¢é161 +aja; < 2p} are compact
in R® and R3VH3, respectively. Thus, II x II; is also
compact. Considering continuous property, the function
M;(.) has a maximum bound M, for the given initial
condition in the compact set IT x IT; [21].

Step i (2 <i<n — 1): In the ith step, the ith error surface
is defined as
(24)

€ = Xi — Vif

where v;r € R is obtained from the step i — 1. Considering
(7) and differentiating e; with respect to time results in:

€ = fi + giXxiy1 — Vi (25)

Assuming x;;; as a virtual control input, the desired

feedback control v}, is designed as:

1 .
*g(fﬁvtf)

l

V;;] = 71(,‘6,’ (26)
where k; is a positive design parameter, f; and g; are
unknown smooth functions of x;. Let us define h;(z;) =
(1/gl) (f, — Vl}‘) with
xi = [x1,x,..,x]". By applying adaptive FWN to
approximate /;(z;) and considering (13), vf, , in (26) can be
written as

zi = i, )" where

Vi = —kier = 07 (zi, ¢} ) — 0] (27)

Since ideal parameters 0;,c;, w; and approximation error

[

0; are unknown, the virtual control law is proposed as

Vig1 = —kie; — é;'r'p(zivéivd)i) (28)

*

where éi, ¢;, @; denote the estimation of 0;, ¢, o} which
are adjusted by the following adaptive learning laws
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Adaptive laws Adaptive laws P
6, (:l, (?)1 (20) (}2’ ch’ (;)2 (29) Adaptive laws Epg(t,r)
0,.¢,,0,(38)
A 4 A + .
V. o virtual First order virtual || First R N Control N L >
Yd - input filter (21) 'y input v, order b input v System (7)
+1 h 2 filter (30) | + 37) X,
v, (19) (28) -
x| 72
xVI
Fig. 3 Block diagram of the proposed controller
A - . A In the final h 1 control in ill
Ol:%(( ,_A;rwi_B;réi)ei_Uoi) .Stepn the fina step,t.eactua control input v will be
deigned. The error surface is defined as
& =1 (Bibie: - o)) (29) ey =x,—uy (33)

. Let v;1; pass
L‘,‘il?,’

where A; = (%)‘ , Bi= (%%)
i 0;=0; i

through the first-order filter with time constant 7, as

(30)

TtV + Vit = Visl s Virnr(0) = virr (0)
Defining e;11 = xiy1 — Vg and 1 = V(g1 — Vit
gives Xi11 = €41 + ;.1 + Vit1. So, (25) can be written as
éi = fi+ gileivt + My +vier) = Vigry
= gihi + gi(eiy1 + My + vig1)
= gileis1 + 1y — kie; + ;li)

(31)

where h; = 0;Ty! + 57 — éthﬁl is the approximation error.
Differentiating #,,; with respect to time and substituting

(30) in it and using #;,; = V(i1 — Viy1 results in:

Nix1

Tit1

iyt . L (Ovi O dviy O

— [ =+ L+ —
( de; ; oy o0 oY vy VY

i1 ;5 i O ¢ Qi O >>

Hir1 = V(it1)f — Vi+l = —

= —C —
oy, 00, 1 oYy 0 oy, day
=2l My ()
Tit1

(32)

where M;.(.) is a continues function and has a maximum
bound My [21].

@ Springer

where v, is obtained from the step n— 1. Let
p,(r) := p(r)/py; then, the time derivative of e, is

R
€n =Xn — Vyr = P+ fo — Vup — ﬁ/p;y(r)dzr(v)dr (34)
0

The ideal control input is constructed as

R

1 .
V= _E (fn - an) — knen + / p;(r)dz,(v)dr (35)
0
where k,, > 0 is a design parameter and f,, g,, f and p,(r)
are unknown. Let us define h,(z,) = % (f,, — v',,f) where
n = [xn,\;’nf]T and x, = [x1,X2,...,x,]". Considering (13),
the ideal control input is designed as

Y —— OZTt//(zn,c;‘,wj’-‘) —0,(zn) — kney
R
+ / p;(r)dz,(v)dr (36)
0
Since ideal parameters ¢}, o*, 0, and p,(r) are unknown,

it is not possible to implement the ideal control input v*.
So, the actual control input v is proposed as

R
v=— ézlll(zn,én, @) — kney + / 0,(r,t)dz;(v)dr  (37)

0

where ¢,, @, 0, and p,(r,t) denote the estimation of
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“1 T T T T T T T
N ”. £ 4
1\ # A Y )
N\ ™ N A
0¥ N\ # 3 vf"\ L
] \I -y
2 B i
---h1
4 === i1] |P approximator -
=== = NIP approxzimator
B 1 1 1 1 1 L L
0 5 10 15 20 25 30 35 40
b
2U T T | (I) T T T

S

---h2

==i=in] |P approximator -
== == = NIP approaimator

25 30 35 40

50 T T T T T T T
- /’\
0 '\'s..r \, N \f\/
---h3
-50 = == s| |IP approximator |
== == = NIP approximator
_1DD 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
Time (S)

Fig. 4 Uncertain functions %;(z;) for i = 1, 2, 3 and their estimation using LIP and NIP approximator, a /;(z;) and its approximation, b h,(z;)

and its approximation, ¢ h3(z3) and its approximation

¢t o, 0, and p,(r), respectively, and they are adjusted
based on the following adaptive learning laws

0, =7 ((l/;n - AEcbn - BM)en 3 Gén)
& =7 (Bnénen - 60,1)

. R (38)
on =75 (A,,One,, — aasn)

9 . .

api(ta I‘) i yp(_ener(v) - Jpp).(t7 r))
where 7, and o0, are the design parameters,

B, = (aai) . Considering (38), the
W=y "/ len=¢,

error dynamics in (34) is obtained as

R
én =P —knen + / (p,(r 1) — p,(r))dz,(v)dr + hy,
0

(39)

where h, =0Ty + 5" — é:liln is the approximation
error.The block diagram of the proposed scheme is shown
in Fig. 3. Also, the following theorem summarizes the
design of proposed controller.

Theorem 1 Consider the class of strict-feedback non-
linear system (1) with the input saturation and dynamic
uncertainties. The dead-zone operator-based model (3) is
used to describe the saturation nonlinearity and the
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adaptive FWN as an adaptive NIP approximator is
designed to model the unknown terms of the system in the
controller design. Given any positive number p, for all

initial ~ conditions  satisfying Il,: Z (' ez—i— ' 0 0,+

n—1

ic ¢it+ —w w,)—i—ﬂen—i—z 1'71+1+ 0 p;_(r,t)dr <2p the

proposed scheme guarantees that all signals of the closed-
loop system are uniformly ultimately bounded. Further-
more, the tracking error can be made small by proper
choice of the design parameters.

Proof Proof of Theorem 1 is presented in “Appendix A”.

Remark 5 To implement the control law (37), the integral
term is approximated as

R

M
/ 3(ry0)dze(v)dr = Z (iAr,1)A

0

(40)

in which Ar is a step size and M = R/Ar. Small values of
Ar result in accurate estimation of integral term, but they
require more computation [41]. Therefore, there is a trade
of between approximation accuracy and computational
complexity.

Remark 6 Considering z; = [x;,vy]" for 2<i<n, the
dimension of the input argument of the function 4;(z;) is
greater than 2; So, to achieve the same approximation
accuracy for the same function /;(z;), the LIP approximator
requires more basis functions than the proposed FWN as a
NIP approximator. Therefore, applying the LIP approxi-
mator leads to the increase in the size and adjustable pa-
rameters of the controller and consequently results in the
“curse of dimensionality” problem.

Remark 7 Tt is worth to note that the bound of M;,,(.) for
i=1,...,n—11is only required for stability analysis of the
closed-loop system and design of the proposed controller
does not require estimating its maximum value.

5 Simulation Results

In this section, the one-link manipulator with a brush DC
motor is considered to illustrate the effectiveness and
performance of the proposed scheme. Simulation and
comparison results are provided to confirm the effective-
ness and superior performance of the proposed scheme.

The dynamic model of the considered system is given by
the following differential equations [49]:

DG + Bg + Nsin(g) =1
My + Hyl = E — K

(41)

where ¢, ¢ and g denote the link angular position, velocity

@ Springer

and acceleration, respectively. / is the motor current and £
is the input voltage. The parameter values with appropriate
units were settoD =1, M,,=0.1,B=1,K,, =10, H,, =
0.5 and N = 10 [37]. Let us define x; = ¢, x, = ¢, x3 =1,
u=E, and y = q. Considering the input saturation, the
state-space model of (41) can be expressed as

Xy = (—Nsin(xl) — sz)/D + (I/D)X3
X3 = (—Kpxa — Hx3) /M + (1/M)u(v)

y=xi

(42)

where the saturation nonlinearity u(v) is described by (2)
and ug, = 50.

To show the effectiveness of the proposed controller, the
proposed scheme in this work, the conventional DSC
controller and the NN-based DSC approach [37] were
applied to (42). In the following, each scheme is explained.
However, for the conventional controller, the saturation
phenomenon in (42) has not been considered.

e The proposed controller

The first step for designing the proposed controller is to
construct adaptive FWN as an adaptive NIP approxi-
mator. For this, three adaptive FWNs were constructed
to approximate uncertain functions hy(z;) = —y,,
ha(z2) (fz X)) — sz)/gz, h3(z3) =
(f3 x3) — V3f) /g3 where 21 = y,, 22 = [x1 X2 v'z,-]T,
and z3 =[xz X3 ng]T for controller design. In the
following, z;, 2o and z3 denote the inputs and fll(zl),
hy(z2), and h3(z3) denote the output of the FWNss.

No prior knowledge about the unknown dynamics of
the network and no off-line learning are required.
Furthermore, the network initialization is done arbi-
trarily and then, all parameters of the network are
adjusted by the adaptive laws (20), (29) and (38). Then,
the dead-zone operator-based model is used to describe
the saturation nonlinearity. The virtual and actual
control inputs are applied as

—fll(Zl)

vi = — kyes — ha(22)

and

vy = — kiej

50 (43)

b= — kses — n(z) + / P (r, 0z (v)dr
0

where f(f 0 p,(r, 1)dz,(v)dr is approximated by

50 500
/ P, (r,0)dz, (v)dr 2y~ p, (iAr, 1) Ar
0 i=1
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Table 1 Comparison results

Approximator Criteria hi(z ha (2o h3(z3
between the NIP and LIP PP @) (@) (@)
approximators NIP approximator RMSE 0.2970 3.7612 5.0804

Number of nodes 2 3 3
Number of adjustable parameters 6 21 21
LIP approximator RMSE 0.8674 5.0233 6.0412
Number of nodes 20 150 150
Number of adjustable parameters 20 150 150
T T (T‘l) T 200
15 }ib", 'I 'f" "' 0 == = Propoed Scheme
s 10 p’ Ir w 7 150 = = = Conventional controller
é H ;I i a ;’ s 30
g 06 oy & f & A F R 2 .
SAVA R VAR YA AR N
] ] g " ] i} i
- osr %‘ '1 E“l = = = Proposed scheme ’g 5 .
é- 1+ 1 1 i‘ Conventional controller © b,
S 45l “\ i\‘ = = = NN.hased DSC scheme [37] -
28 Ya
0 5 10 15 20 25 a0 35 40
1 (b)
- A A .
posy s \‘ ,'\‘ ,"‘ . s
= 4 - f el ! s
O R I R T 2 I R e T )‘ Lggan H
g L". ’ ‘.,:N K\ 42 W N P Y =
2 05t A 4 = £
] ¥ = = = Proposed scheme S
E 1 ¥ Conventional controller
== = = NN.based DSC scheme [37]
1'50 i 10 15 20 25 30 35 40
Time (S) Time (S)

Fig. 5 a Output response, b tracking error (Case 1)

and Ar =0.1. Other design parameters are set to
ki =55 k=5 k=45, =001, 7y, =5,
72 =73 =3, 7, = 0.1. Also, the initial conditions are
set to zero.

The conventional controller

The conventional controller indicates the FWN-based
DSC controller which is designed for uncertain non-
linear system (1) without considering input saturation.
In this controller, the constructed adaptive FWN is
invoked to represent the model of the unknown
functions and then the DSC controller is designed
using the proposed FWN model. The virtual and actual
control inputs by the conventional controller are
proposed as

vy =— kier = hi(z1)
vy =— kpep — flz(Zz) (45)

v =— kyes — h3(z3)

Fig. 6 Control input (Case 1) a the proposed scheme and conven-
tional controller, b NN-based DSC scheme [37]

The design parameters k;, k», k3, 7, the learning rates
Y1, Y2, 73. and the FWN models were chosen as the
same as the proposed controller in this work.
e NN-Based DSC Controller [37]

The proposed NN-based DSC controller in [37] is
applied for uncertain nonlinear system (42) in the
presence of input saturation. It uses radial-basis-func-
tion neural network to approximate the unknown
functions and then it designs DSC scheme. It uses
linear-in-parameter approximator, and it only adjusts
the weights of the network. Furthermore, the saturation
nonlinearity is approximated by the tanh function that
requires the bound of the input saturation. The
controller design parameters were chosen according to
[37].

In the following, the simulations are presented for two
cases.

Case 1 Tracking response for sinusoidal desired
trajectory
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To illustrate the effectiveness of the proposed controller,
the time-varying desired trajectory is taken as
ya = sint + cos(0.5¢).

In order to show that the proposed NIP approximator
solves the “cure of dimensionality” problem, radial-basis-
function neural network as a LIP approximator was
invoked to approximate uncertain functions hi(z;), h2(z2)
and h3(z3). The results are shown in Fig. 4. Also, com-
parison results between the NIP and LIP approximators are
shown in Table 1. Table 1 reports the root mean square

Table 2 Computation time for different values of Ar for one typical
sampling time

error (RMSE), number of nodes and number of
adjustable parameters for both of NIP and LIP approxi-
mators. As it is seen from the reported results, the NIP
approximator achieves less RMSE than the LIP one by
using less number of nodes and adjustable parameters. In
comparison with the LIP approximator, the NIP approxi-
mators achieve better approximation accuracy by using less
number of adjustable parameters. So, it can avoid the
“curse of dimensionality” problem.

Output response and tracking error of the proposed
controller and other methods are shown in Fig. 5.

From Fig. 5a, the output of the system is able to track
the desired position trajectory in the presence of the
uncertain dynamics and unknown saturation nonlinearity;

A Ar=0.1 Ar =0.01 Ar = 0.001 . .
rome i i ) also, it has better steady-state behaviour than the other
Case 1 0.005698 S 0.036116 S 0.197894 S methods. The tracking error for each scheme is shown in
Case 2 0.005821 S 0.044435 S 0.202674 S Fig. 5b. It is seen that the tracking error tends to suffi-
ciently small neighbourhood of the origin and remains
there while the control signal is not large and the
Norm of the FWN parameter for approximation of h,
5 T T T T T T
al —— IIc1II |
3
2

0 5 10 15

20 25 30 35 40

Norm of the FWN parameter for approximation of h,
1D T T T T T T T
—— I|c2||
......... IImzll
5'. _:—:-"02" 7
' -y 4 n
r \_, !. \. ,-.‘P-|\ -,vﬁ’ 1.!'”\‘ !-1‘ ..’ -
NI Y-
e L RS -y toa o~ == A PP I
D“"’L, YN Az IR B AL VA
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......... |Im3||
5 -
R —-—--||03||
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Fig. 7 Norm of the FWN parameters (Case 1)
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Tracking performance (Deg)

Tracking error (Deg)
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Fig. 8 a Output response. b Tracking error (Case 2)
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singularity problem has been eliminated. The tacking per-
formance obtained in Fig. 5 shows that the proposed
scheme has compensated the effect of the unknown satu-
ration nonlinearity and has been able to model the
unknown dynamics of the system without any prior
knowledge or off-line computation.

The control effort for each scheme is shown in Fig. 6. It
is seen from the simulation results in Fig. 6 that the pro-
posed scheme has less amplitude than the conventional
one. Further, it has better behaviour and less fluctuation
than the proposed scheme in [37]. As it is seen from
Fig. 6b, the control effort of the proposed scheme in [37]
has many fluctuations that make its implementation hard.

Also, integral term foso p,(r,t)dz,(v)dr in the control
input (43) is approximated by summation term
Z?il 0, (iAr,t)Ar; small values of Ar result in better
estimation of integral term. However, it requires more

§i)
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Fig. 10 Norm of the FWN parameters (Case 2)

2

computation. Computation time for different values of Ar
for the two cases considered in this work (Case 1 and Case
2) was reported in Table 2. It should be noted that the
reported results in Table 2 approximate the integral term
fOSO p,(r,1)dz,(v)dr by 32, (iAr, t)Ar just for one typ-
ical sampling time. One sampling time has been selected
for simplicity, and it does not affect the generality of the
discussion. As it is obvious from Table 2, smaller values of
Ar require larger computation time.

Also, Fig. 7 shows the norm of the FWN parameters
such as dilation and translation of the wavelet functions
and the weights of the network. Reported results show that
the norm of the adjustable parameters is bounded.

Case 2 Tracking constant desired trajectory

To illustrate the effectiveness of the proposed scheme,
the desired position trajectory is assumed to be constant
and it is chosen as y; = 3. The simulation results are shown
in Figs. 8, 9 and 10. Figure 8a shows the angular position
of the link (y) and the desired position (y,). The position
tracking error is depicted in Fig. 8b. From Fig. 8, good

3 1[‘“ '[“l ;f"‘\ :/ ‘J
& “‘ '_’\\/ '\ /f\; AN A
AV A V
% % & 5 = & w
—_

Output response (Deg)

1 1 1 1
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Fig. 11 Output response of the proposed scheme in the presence of disturbance: a Case 1, b Case 2
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tracking performance is inferred for uncertain system (1) in
the presence of uncertain dynamics and input saturation.
Furthermore, the proposed scheme improves the charac-
teristics of the transient response, significantly. It elimi-
nates the undesirable overshoot and reduces the settling
time. From Fig. 8, the output response and the tracking
error of the proposed scheme match to the output response
and the tracking error of the conventional controller. This
verifies the ability of the proposed scheme to compensate
the effect of the saturation nonlinearity.

The control input is shown in Fig. 9. It is inferred from
Fig. 9 that the control input is limited to the saturation
bound. The reported results demonstrate that the control
energy of the proposed scheme is smaller than that of the
other methods. Finally, the norm of the adjustable param-
eters of the FWN is shown in Fig. 10. The boundedness of
the norm of the FWN parameters including the translation
and dilation parameters of wavelets and weights of the
network are inferred from the reported results in Fig. 10.

Finally, the robustness of the proposed scheme is
checked by adding external disturbances d(¢) = 0.4 cos(2¢)
to the input of the control system. The results for Cases 1
and 2 are presented in Fig. 11. Figure 11a, b shows the
results for tracking of sinusoidal desired trajectory and
constant desired trajectory, respectively. The results verify
that the proposed scheme can achieve tracking and regu-
lation performance in the presence of external disturbance.
So, the obtained results demonstrate the robustness of the
proposed scheme against external disturbance.

6 Conclusion

A dead-zone operator-based dynamic surface control
scheme was developed for uncertain strict-feedback non-
linear systems in the presence of the input saturation.
Adaptive fuzzy wavelet network as a nonlinear-in-param-
eter approximator is used to model the unknown dynamics
of the system without any prior knowledge or off-line
learning. Saturation constraint is modelled using the dead-
zone operator-based model that does not require the bound
of saturation being known. Using the adaptive fuzzy
wavelet network approximator and the dead-zone operator-
based saturation model, an adaptive dynamic surface con-
trol is developed. Stability analysis guarantees that all
signals of the closed-loop system are uniformly ultimately
bounded and the tracking error can be arbitrarily made

small by proper selection of design parameters. The pro-
posed scheme avoids the “explosion of complexity” and
“curse of dimensionality” problems. Furthermore, it avoids
the singularity problem that is conventional problem in the
nonlinear systems with uncertain control gains. Simulation
results demonstrate the effectiveness of the proposed
scheme. Implementation of the proposed scheme for the
real-world applications can be considered as a future work.
Also, two other issues are suggested for future works: (1)
extending the proposed control approach to the uncertain
nonlinear systems with time delay and input saturation and
(2) designing an adaptive fuzzy wavelet network-based
output feedback control for the considered system.
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Appendix A: Proof of Theorem 1

In this section, proof of Theorem 1 is presented. To anal-
ysis the stability, the following Lyapunov function candi-
date is considered:

n—1
1 1
V= <_€i2+_77‘2+1>
i=1 zgl 2

4 1 -1~ 1 1
+ —0,0; + é,Tc,+—d),T(Z>i>+—e,§
— \27 2y, 2y3 2p
R
+ ! (r,0)d
— [ p;(r,t)dr

2y,

(A1)

where g, (r,1) = p,(r) — p,(r, 1), 0; = 0r — 0, ¢ = ¢ —¢
and ®; = o} — @;. Differentiating (A1) with respect to
time results in:
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Substituting (22), (31) and (39) into (A2) results in:
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(A3)
Let us define l/;i =y - t/},-. Now, h; can be written as [50]

hi = 6?'&: + é,T'/;z + 6?‘[’1 +6; (A4)

where i=1,...,n. Adaptive FWN is used as a NIP
approximator, so the basis function V; has nonlinear
dependencies to the adjustable parameters of the network.
Therefore, to develop the adaptive learning laws for tuning
the network parameters, the Taylor expansion linearization
technique is employed to transform the nonlinear function
into a partially linear form [48, 50]. The result is obtained
as

l/;l- = A?(b, + B;T(N!, + 0; (AS)
and

(%W (%W
.’n’ Al o (am‘> ’ —&; Bl o (ac[) =¢,
©;=; Ci=¢Ci

0; is the high-order terms of expansion. Substituting (AS5)
into (A4) gives:

where i =1,..

hi =0, + 0, (AT, + BY&) + 0,91, + 0,0, + 5] (A6)

Also, substituting (23), (32) and (A6) into (A3) results in:
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. ~T ~ ~ A AT oo . N .
Since 0, AiTwi = wiTAiBi and 0, BiTc[ = ciTBiO;, (A7) is
rewritten as:
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Let us define A; =0, (ATo; +Blc;) + 070, + 5 for

i =1,...,n Substituting adaptive laws (20), (29) and (38)
into (A8) results in:

- n—1 ﬁ )
i - Z;( 2gl> (k +2ﬁ>
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Considering the following facts
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i1 <0.5(eF +niy), i=12,..,n—1
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e\ §0.5(ei + A?), i=12,...n

P (r,0)p <0555 (r, 1) +0.5p7
(A10)

where p;(r) < p;max> and € is a positive constant. Also,
considering the following inequalities

o @, <05(0 0 —aja;), i=12,...n

¢/ <05(cTer —¢'¢), i=12,...n

0i0i§0.5<6;‘T9;‘—0i0i), i=1,2,...n

(Al1)

Now, using (A10) and (Al11), (A9) is written as
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Choose the deign parameters k;, 7.1, ¢ and 6, such that
-5 1550, k—£-2>0 i=2...n-1
li

2g;;

ky =25 —1>0, 1~ 05:-0.5>0,0>0and 5, >0,
In Titl

respectively.

Considering the design parameters k;, 7,41, ¢ and o,
comparing (A12) with (A1) reveals that (A12) satisfies the

following inequality
V< —aV+p (A13)

where o and f are as follows:

gl
28h1 (kl —1.5-— —)
d2g121
g.
Zghi(ki -2~ >
282
. ﬁd
o < min 28, [ kn — 1 -
2
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i=1 i=1
+0.50,Rp;

Solving inequality (A13) results in:

0<V< §+ (V(O) —£>e_°" (A14)

o
From (A14), it is obtained that lim,_., V = g So, V is
bounded by g Therefore, all signals of the closed-loop
system, i.e. e;, ;,1, 0;, ¢;, & and p; are uniformly ulti-
mately bounded. From the considered Lyapunov function
in (Al), it can be inferred that

%gl i<V (A15)
Considering Assumption 2, Eq. (A15) is written as

e% <2gmV (Al6)
which results in the following bound

le1(1)] < v/2gmV (A17)

Now, considering (A14), the following bound is obtained
for the tracking error

ler| < \/ 28 (e-MV(0> +§(1 - e‘“’))

It is seen form (A18) that the bound of the tracking error
can be made arbitrarily small by proper selection of the
design parameters.

(A18)
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