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Abstract In this paper, we introduce a family of fractional-order Chebyshev functions based
on the classical Chebyshev polynomials. We calculate and derive the operational ma-
trix of derivative of fractional order v in the Caputo sense using the fractional-order
Chebyshev functions. This matrix yields to low computational cost of numerical
solution of fractional order differential equations to the solution of a system of alge-
braic equations. Several numerical examples are given to illustrate the accuracy of
our method. The results obtained, are in full agreement with the analytical solutions
and numerical results presented by some previous works.
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1. INTRODUCTION

Fractional calculus, i.e. the theory of derivatives and integrals of fractional (non-
integer) order, have been playing an increasingly important role in scientific and
engineering computations. A history of the development of fractional differential
operators and some applications can be found in [7, 9, 12, 23, 26, 35, 36]. In some
cases, fractional differentials and integrals provide more accurate models of systems
under consideration. The analytic results on existence and uniqueness of solutions to
fractional differential equations (FDEs) have been investigated by many authors [9,
23]. Also analytic solution of some kinds of FDEs was investigated in [20]. Most
FDEs do not have closed form solutions, so approximation and numerical techniques
such as differential transform method [32], finite difference methods [1, 41], variational
iteration method [11, 29], Adomian decomposition method [30], homotopy analysis
method [10, 33], collocation method [18, 38, 40] and other methods [2, 4, 5, 13, 19,
24, 25, 27, 28, 43], must be used.
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Nowadays, a lot of attention has been devoted to construct operational matrix of
fractional derivative for some types of classical orthogonal polynomials. For example,
Darani et. al. in [8] introduced the fractional type of Chebysheve polynomials of the
second kind and used it to numerical solution of some linear fractional differential
equations. Saadatmandi and Dehghan [39] introduced shifted Legendre operational
matrix for fractional derivatives and applied it for numerical solution of FDEs and
fractional linear systems of equations [3]. Also, the Bernstein operational matrix of
fractional derivative has been derived in [37]. Furthermore, Doha et al. [14] introduced
shifted Chebyshev operational matrix for fractional derivatives and the authors in [15]
derived the shifted Jacobi operational matrix of fractional derivatives. Application of
classical orthogonal polynomials for the FDEs implies some difficulties in connection
with the collocation method [18]. Recently, Kayedi-Bardeh et al. [21] introduced
the fractional orthogonal Jacobi functions then they obtained the explicit form of
the fractional derivative operational matrix for these functions. Also very recently,
in [22] a general formulation for the fractional-order Legendre functions (FLFs) is
constructed to obtain the solution of the FDEs. The methods based on operational
matrices are the powerful tools in computational sciences[3, 4, 5, 14, 17, 24, 39]. In
this paper, we introduce a new operational method to solve FDEs. The algorithms in
the present work are somewhat related to the ideas used by Kayedi-Bardeh et al. [21]
and Kazem et al. [22]. First, we construct the fractional order Chebyshev functions
(FCFs) and then derive the operational matrix of fractional order FCFs and apply it
to solve FDEs. The method reduces the FDEs to a system of algebraic equations.

The structure of this paper is arranged in the following way: In Section 2, we
introduce some necessary definitions and mathematical preliminaries of fractional
calculus. In Section 3, the FCFs and their properties are obtained. We make a new
operational matrix for fractional derivative by FCFs in Section 4. Applications of the
operational matrix are given in Section 5 and numerical simulations are reported in
Section 6.

2. PRELIMINARIES AND NOTATION

2.1. A short overview on Chebyshev polynomials. The Chebyshev polynomials
of all kinds are widely use in approximation of functions [4, 14, 16, 31]. The well known
Chebyshev polynomials of the first kind of degree n are defined on the interval [—1, 1]
as

T, (t) = cos(n arccos(t)), (2.1)

and the so-called shifted Chebyshev polynomials by using the simple change of variable
are defined as

Tr(t) = Tn(2t — 1). (2.2)
Then T7(t) can be obtained with the aid of the following recurrence formula:

Tr () = (4 — QT3 = TF (1), n=12, ., (2.3)

n—1
[c[v]
(0] < |
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with initial conditions 7§ (¢) = 1 and T5°(¢) = 2t — 1. The analytic form of the shifted
Chebyshev polynomials T/ (¢) of degree n > 0 is given by

n n —1)192k
T () = n§<—1><“>mtk, (2.4)

where T7(0) = (—1)™ and T*(1) = 1. The orthogonality condition is

—

T (T3 (w(t) = hnbmn, (2.5)

where w(t) = \/tl_?, h, = %‘w, bo = 2,b, = 1,n > 1 and §,,, is the Kronecker
function.
Also, for the shifted Chebyshev polynomials of the first kind we have [31]

1

2
2t
AT=| 8 | (2.6)
14N
where
z 0 0 0
i 5 (t)
1 1 0 0 TH ()
e 1
A=(@y=| * 4+ 1 ol =]
: : : R ()
12N 2N 2N
E(N) (Nfl) (N72) e 1 v
Using the above equations, we can write
T=FX, (2.7)

where X = [1,t,t2,--- ,t"¥]T and F = A™'E and E = (e;;) is the diagonal matrix
with entire e; ; = %4i, (i=0,1,---,N). Thus, we can calculate each entire of T" as

:Zjl*(t) = Zfijtjv i=0,1,2,---,N.
7=0

Remark 2.1. From 2.4 we get

1) P
;= ( g imj (ki —1)12% 7=0 :

’ 1 ( -1 ) W otherwise

2.2. The fractional derivative in the Caputo sense. Let us start with recalling
the essentials of the fractional calculus. There are various definitions of fractional
integration and differentiation of order v > 0, and not necessarily equivalent to each
other, (see, e.g. [23, 35]). The Caputo fractional derivative, which is used in this
paper, allows the utilization of initial and boundary conditions involving integer order
derivatives, which have clear physical interpretations.

(el
BE
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Definition 2.2. Caputo’s definition of the fractional-order derivative is defined as

L R A ()
DY f(x) = =) /0 (x—t)VH*”dt’ n—1<y<n, neN, (2.8)

where v > 0 is the order of the derivative, I'(.) is the Gamma function and n =
[v] + 1, with [y] denoting the integer part of v. Recall that for v € N, the Caputo
differential operator coincides with the usual differential operator of integer order.
Similar to integer-order differentiation, Caputo’s fractional differentiation is a linear
operator:

DY(Mf(z) + pg(x)) = AD? f(x) + pD7g(x), (2.9)
where A\ and p are constants. Also, for the Caputo’s derivative we have [12],

DYC =0, (C isa constant),
(2.10)

for @« € Ny and a < [7v],
forao e Npand o> [vy] ora ¢ N and o > |7],
(2.11)

Y 0,
D72t = I'(a+1) a—ry
Tlati=9"

where [v] and |7] are the ceiling and floor functions respectively. Also N ={1,2,...}
and Ng = {0,1,2,...}. Furthermore we need the generalized Taylor’s formula that
involves Caputo fractional derivatives. This generalization is presented in [34]:

Theorem 2.3. (Generalized Taylor formula) Let D' f(z) € C(0,1] fori =0,1,---N
and 0 < a < 1. Then
N-1 o ia
_ Dia + Ie%
16 = X gy PO+ B
where

l,Na

n(T) = mDNQf(fx)a & € (0,7], Vo € (0,1],

and D' = D“D® ... D% .

3. FRACTIONAL-ORDER CHEBYSHEV FUNCTIONS

Following [21, 22], the fractional-order Chebyshev functions (FCFs) can be defined
by introducing the change of variable t = 2® and a > 0 on the shifted Chebyshev
polynomials of the first kind. We denote the fractional-order Chebyshev functions
T#(2*) as T; (). From the recurrence relation of the shifted Chebyshev polynomials
(2.3), we find that T (x) can be obtained with the following recurrence formula:

=101 (0%

Tipi(2) = (42® = 2)T; (x) — Ty _1(z), i=0,1,2,.., (3.1)
[c ]
(o] ¢ ]
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where T (z) = 1 and T (z) = 2z* — 1. Also, using Eq. (2.4), the analytic form of
T (x) of degree i given by
o e o (i ke —1)122
T; (z) = _pyw Gk DI g 3.2
N (32
In the following we state some properties of the FCF's.

Lemma 3.1. T (x)s are orthogonal over the interval (0,1) with respect to the weight

: _ 1 .
function wy(x) = ——— and we have:

1
=——10% =—103% 1
/ T, (2)T; (z)wa(z)dr = —h;idij,
O a
Proof. Using Eq. (2.5) and taking ¢t = z%, we get
1 1
/ T ()T} (a®)w(z®)az® ' dz = / T; ()T (1) ——=dx
0 0

1
- / T (2)T () — e——dx
0

T x> —1

:a/ T?(m)??(w);dx
0

xvr e —1
= hidyj,
this leads to the desired result. O
It is important to note that, both of z and vx— — 1 are positive, so wq(x) =
1 .
I\/ﬁ 1S Well deﬁned.

Proposition 3.2. The fractional-order Chebysev function T? (t), has precisely i zeros
in the form

1
(11 (27 —Dm\\* . .
%@+2m%2i» i=1,2 0 (3.3)

Proof. The shifted Chebyshev polynomial T;*(x) has precisely ¢ zeros

1 1 2j — 1
sz2+2cos((‘72i)77),j:1,2,-~-,¢. (3.4)

Thus T} (x) can be written as
Ti(x) = (x —a1)(x —22) -~ (2 — 23).

Taking the change of variable z = t* we obtain

{03

T (t) = (t* —a1) (™ —@2) - (1% — zy).
Hence, the zeros of T (t) are
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Lemma 3.3. T;-X (z) is the i-th eigenfunction of the singular Sturm-Liouville problem
. ! 1 —a
(a:\/as—o‘ ~1(T (z))’) + (i0)? — =T () = 0. (3.5)
AV

Proof. According to definition of the Ti we have

T} (0) = cos(if), 6 = arccos(22* — 1), z € [0,1].
Therefore T? hold in the following Sturm-Liouville differential equation

d? —a

=i () +iT;(0) =0,i=0,1,....

Using differential chain rule, we get
—a\” (dz\?  fma\ (dz\ d [(dz\ s
@ (d@) +(T7) (da) — <d€) + 2T = 0. (3.6)

dx T
> 2 e 1 .
- Ve ; (3.7)
Employing Eq. (3.7), Eq. (3.6) can be written as

But

=104 2 - =07 0%
22 (1 — %) (Ti ) " (2“ - xa) (T) + (i0)22°T; = 0. (3.8)
Multiplying both sides of the above equation by %\/x*a — 1, we obtain
1
x\/x—o‘—l”+\/x—a—1(1—a) "+ (i0)? ———=y = 0.
y 2(1 — z%) y o+ (i) T x—a—ly
This leads to the desired result. O

3.1. Function approximation and error estimation. Let w,(z) = ﬁ de-

note a non-negative, integrable, real valued function over the interval I = (0,1). We
define

L2, :={v:1— R| v is measurable and [|v||, < oo},

nvwa::<]ﬁlhwmﬂ2wa«wdm)%,

is the norm induced by the inner product

(1, V), = /O w(@)o(@)wa(z)dz. (3.9)

where

Thus, using Lemma 3.1, {T', (z)}22, denote a system which are mutually orthogonal
under (3.9). For any function f € L? , we approximate

N
=Y BTy (@), (3.10)
k=0
800
200
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with
£ Tk wa
fi =t fa’“iw : (3.11)
||Tk ||wa
The fi’s are the expansion coeflicients associated with the family {TZ} We now
consider error estimate for approximation using the orthogonal system {T:(x)}ffzo.
Let N be any positive integer and

V= span{T, (x),T; (x),--- , T ()}, (3.12)
and, let P§ : Lfva — V§ be the qua—orthogonal projector defined by
(Pyf = fd)w. =0, Vo € Vy. (3.13)

In other hand, Py f = Zszo fiT (x) is the best approximation of f out of Vi . The
following theorem gives the error estimation for this approximation in w,-norm.

Theorem 3.4. If D“f(z) € C(0,1] fori = 0,1,--- ,N + 1 and P{f be the best
approzimation to f out of Vi, then the error bound can be obtained from the following
formula:

M, V(2N +3)

||f—P](\¥7f||wa§F((N+1)a—|—1) 7F(2N+3),

where
M, = sup{‘DNaf(x)‘7 T e (Oa 1]}
Proof. Consider the generalized Taylor polynomial:
N o
€T .
= — D" f0t 0,1

in which the following error bound is known:

x(N-‘rl)a D(N—i—l)oz
N+1)a+1) f(&)]
(N+1)a
< Mo :
P((N+1)a+1)
Since Py f(x) and y(z) are both in V§ and Pg f(z) is the best approximation to f(z)
out of V, we get

@) = vl = I

Mg 1 xQ(N+1)(x

dx
T((N+Da+1)"Jo zva=a -1

M?2 9 [® 1 2N+3
e A
I((N+1Da+1)"aJo ‘Mtu

M2 2 ya (2N + 32)

If = PRAIG. < If = wlli., <

I(N+1)a+1)"a 2 TN +3)’
this leads to the desired result. O



74 M. A. DARANI AND A. SAADATMANDI

4. THE OPERATIONAL MATRIX OF FRACTIONAL DERIVATIVE
Let us introduce some notation.
Ta(x) = [Tg(x)vf?(x)v T aT(]lV(x)]Tv
Xo(z) = [1,2% 22, ... 2N, (4.1)

By using Eq. (2.7) we can write:

To(z) = FXq, (4.2)
or
N .
T; () =Y fija’™, i=0,1,2,--- N. (4.3)
7=0

The fractional derivative of order « of the vector T, (z) can be expressed by
DTy (z) ~ DT, (),

where D) is the (N + 1) x (N + 1) operational matrix of the fractional derivative.
In this section, our aim is to construct DO,

Remark 4.1. It is important to mention here that, in this paper we assume o € Ny
or a > |v] when o ¢ N.

Lemma 4.2. Let

(4.4)

k- the largest integer such that ka < [v], « € Ny,
o, a¢N anda>|v].

Then, the Caputo fractional derivative of order «y of the vector X, (x) can be expressed
as

D' Xo(z) = D, X1 (2), (4.5)

where D, is a (n+ 1) x (n+ 1) diagonal matriz

o -~ 0 0 0
Do : 0
— o -~ 0 0 0
e I 49
[0 0 % |
and
X2(z) = [0,---,0,gk+Da=y gh+Da=y 7mNa—v]T_ (4.7)
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Proof. Using Eq. (2.11) we have

0
D7z _
D'YXQ(JJ) = . = Dng(x)7
D’Yi'tNa
where
[0 0 0 0 1
: - : : 0
o o --- 0 0 0
D = I((k+1)a+1) ;
7 0 0 NGtDa+i=m 0
- . . F(N. +1)
i 0 - .. oo 0 Wikﬂ |
and
_ 0 _
0
X;{Y(x) - aj(k-l-l)oc—'y
xN(.xf'y

It is important to note that, in ﬁv, the first £ 4+ 1 rows, are all zero.
Lemma 4.3. With the notations of Lemma 4.2. We can approximate X (z) as:
X (x) ~ BT, (z), (4.8)
where B = (b;;) is a (N + 1) x (N + 1) matriz with the following entries:

0 i=0,1,2,--,k,
o) §=0,1,2,.., N,
’ VAol D(itl-2+3)  Ji=k+1LEk+2,--- N,
hy im0 IR 2 0.L2, N,
Proof. Clearly, for i = 0,1,--- , k, we have b;; = 0. Now, for some ¢ > k, approximate

2'*~7 by N + 1 terms of fractional-order Chebyshev series, we get

N

io— e

7Y~ E bii T ().
§=0
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By using Egs. (3.11) and (4.3) we obtained
« io—y 1

:7/ io— 'ny]lx x\/mT—ldm

aj_l ! ! 1

= ; eV gl dx
h; zz;fjl/ ez -1
-2 Zfﬂ/ G(a,i,1, 0,7)da.
J =0

Set u = +Vax—* — 1, we get

2
/ G(z,i,l,a,7v)d a/ u2+1277

fe! (z—|—l— +1)
Thus
Lz—: Li+i-2+3)
hj = Pi+1—2+1)’
where h; is defined in (2.5). O

We are now ready to state the main result of this section.

Theorem 4.4. Let T, (z) be FCFs vector, D) is the (N 4 1) x (N + 1) operational
matriz of fractional derivative of order v > 0 in Caputo sense and « € Ny or a > ||
when a ¢ N then

D" ~ FD, B,
where D.,, B and F are given in Egs. (4.6), (4.8) and (2.7) respectively.

Proof. Applying Eq. (4.2), Lemmas 4.2 and 4.3, we can write yth order fractional
derivative of T, (z) as

DT, (z) =FD"X,(z) = FD,X](x)
~ FD,BT,(z)
= DT, (2).

Proposition 4.5. In particular, when v = «, DY) can be computed as
D = FD,F !,

c[v)

EBE
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where D, is the (N +1) x (N + 1) matriz given by

I 0 0 e 0 0
T'(a+1)
w O R O O
= F2a+1) -,
D, = 0 T(a+1) : . (4.9)
0 .. 0 —AWetdh
L r((N-1a+1)

Proof. Using (2.11) we have

Ia+1) 9 I'2a+1)
Doge = 2T ) pagra L ZOT Jpa
* ) > 7 T Tarn o
I'(Na+1
pagha — _ TWNa+l)  (nv_pa (4.10)

I((N—-1)a+1)
Thus, ath order fractional derivative of X, () is written in the matrix form
DX, (z) = DaXa (), (4.11)
According to Eq. (4.2), we have
Xo(z) =F 1T, (z), (4.12)
Therefore, using Eqgs. (4.2), (4.11) and (4.12) we obtain
DT, (z) = F DX, (z) = F Dy Xao(z)
= FD,F 'T,(2).
U

Remark 4.6. It should be noted that, the operational matrix of the fractional de-
rivative of T, (z) with o = 1, is in complete agreement with Chebyshev operational
matrix of fractional derivative obtained by Doha et al. (see [14] Eq. (3.5)).

5. APPLICATIONS OF THE OPERATIONAL MATRIX OF FRACTIONAL DERIVATIVES

In this section, in order to show the efficiency of operational matrix of fractional
derivative, we apply it to solve multi-order fractional differential equation.

5.1. Linear multi-order FDEs. Consider the linear multi-order FDE

Dy(@) = a1 D y(w) + - + ap DO y(w) + aps1y(@) + axs29(w), (5.1)
with initial conditions

y(0) = d;, i=0,...m, (5.2)

where a;, for j = 1, ..., k42 are real constant coefficients and also m <y < m+1, 0 <

B1 < P2 < -+ < B <. To solve problem (5.1) and (5.2), suppose y(z) and g(z) be
[c]v)
EE
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in qua. Using the qua—orthogonal projector defined in (3.13), we approximate y(x)
and g(z) by FCF's as

Z T (z) = CT T, (), (5.3)

Zgz =GTT,(z), (5.4)

where vector G = [g0, -, gn]T is known but C = [cg, ...,cn]T is an unknown vector.

By using Theorem 4.4 and Eq. (5.3), we have
DVy(z) ~ CT DT, (x) ~ CTDI T, (2), (5.5)

DPiy(z) ~ CTDA T, (2) ~ CTDBIT, (), j=1,...k (5.6)

Employing Egs. (5.3), (5.4), (5.5) and (5.6) the residual Ry(x) for Eq. (5.1) can be
written as

Rn(z) ~ [ cTDD — CTZa D — a1 CT — ap2GT | To(z).  (5.7)
j=1

As in a typical tau method [6], we generate m — n linear equations by applying
1
(Rn(2),T; (2))w, = / Ry (2)T; (2)wa(z)dz =0, j=0,1,...,N—m—1. (5.8)
0
Also, by using Theorem 4.4 and by substituting Eq. (5.3) in Eq. (5.2) we get

yD0)=Cc"DYT,(0)=d;, i=0,1,...,m. (5.9)

Equations (5.8) and (5.9) generate (N — m) and (m + 1) set of linear equations,
respectively. These linear equations can be solved for unknown coefficients of the
vector C'. Consequently, y(x) given in Eq. (5.3) can be calculated.

5.2. Nonlinear multi-order FDF's. Consider the nonlinear multi-order FDE

F (z,y(z), D™y(x),..., DPy(z)) =0, (5.10)
with boundary or supplementary conditions

where 0 < p < max{ﬁi, i=1, ,k} <p+1, &e€[0,1],i=0,...,p and H; are linear
combinations of y(&),y' (&), ...,y (&). In order to use FCFs for this problem, we
approximate y(x) by Eq. (5.3). Now, using Theorem 4.4 we have

DPiy(z) ~ CTDP T, (z) ~ CTDPIT, (), j=1,.. .k (5.12)
By substituting these equations in Eq. (5.10) we get

F (33 T T, (), CTDEIT, (2), . .., CTD(ﬁk)Ta(m)) ~0. (5.13)
c[v)
EBE
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Similarly, substituting Eq. (5.3) in Eq. (5.11) yields

Hi(CTTo (&), CTDWITL(E), ... CTDWPIT,(&)) = d, i=0,1,...p.  (5.14)
To find the solution y(x), we first collocate Eq. (5.13) at (N —p) points. For suitable
collocation points we use the roots of T}lv_p(m) which computed in (3.3). These
equations together with Eq. (5.14) generate (N + 1) algebraic equations which can

be solved to find ¢;, ¢ =0,..., N. Consequently the unknown function y(x) given in
Eq. (5.3) can be calculated.

6. NUMERICAL EXAMPLES

In this section, we exemplify the proposed approximation procedure with some
examples.

Example 1. We start with the Bagley-Torvik equation

AD?y(x) + BD?y(z) + Cy(x) = g(x).
This equation arises, for example, in the modelling of the motion of a rigid plate
immersed in a Newtonian fluid [42]. Here A = M is the mass of thin rigid plate and
C = K is the stiffness of the spring. Also, B = 25,/up where S is area of plate
immersed in Newtonian fluid, p is viscosity, and p is the fluid density. This equation

has attracted much attention and has been studied by many authors [14, 22, 39].
Here, we consider inhomogeneous Bagley-Torvik equation

DPy(x) + D¥y(a) + y(z) = g(v),
in two cases.
Case a: g(z) =14z, y(0) =1, y/(0) =1.

The exact solution of the problem in this case is y(z) = 1 + z. By applying the
technique described in Section 5.1 with V = 2 and o = 1, we approximate solution
as

y(x) = coTo(x) + Ty (x) + Ty (x) = CT T ().
Here, we have

00 0 0 0 0
DY =(2 0 o], D@=10 0 0],
08 0 16 0 0
" 0 0 0 %
D =( 1 ) o o o |, G=|1
i \er 1z _ns 0
Therefore using Eq. (5.8) we obtain
3
co+ (16+64m %)z = 7. (6.1)
Now, by applying Eq. (5.9) we have
CTTi(0)=co—c14+co =1, (6.2)

(el
BE
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CTDWT(0) = 2¢; — 8¢y = 1. (6.3)
Finally by solving linear system of three equations, (6.1), (6.2) and (6.3) we get
3 1

60_53 01_57 C2 0

Thus
1
31
y(x) = (2,2,O> 20 —1 =1+uz,
8z2 —8xr +1

which is the exact solution.
Case b: g(z) = 2> +2+4,/Z, y(0) =0, y(1) = 1.
2

In this case, the problem has the exact solution y(z) = z=.
N = 2, we obtain:

Taking a = 2 and

0 0 0
D®=[(4 0 o],
32 48 0
0 0 0
D(%) _ 16\/51;(2%)2 %\/51;(2%)2 7%\62(2%)2

1472 V2T($)® 1664 V2I(3)® 3712 V2I'($)?
25 T2 15 T2 195 T2

After solving the system of 3 algebraic equations the unknown coeflicients are com-
puted as:

1 1
00:53 01:57 02:0-
Thus
1
11
y(.’L‘) = (2?270) 227 — 1 2372,
S8zt —8z2 +1

which is the exact solution. Example 2. As the second example, consider the
fractional differential equation [24]

D%y(a) +y(a) = Vi + U,

y(0) = 0.

Lakestani et al. [24] applied a method based on linear cardinal B-spline functions
for the approximate solution of this example. Regarding example 1, in [24], the best
result is achieved by solving a system of equations with 28 +1 set of algebraic equations
and the maximum absolute error is 7.8 x 107°. We solved this problem, by applying
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1

5 and N = 1. Here, we have

the technique described in Section 5.1, with « =
14+v7

3 _ 0 O _ 2
o= (5 0)e=

2

(S

Therefore, we obtain the following system of algebraic equations:

cp —c1 =0,
co + vmer = 3(1+ /7).

Solving these equations yields

Thus

y(@) = (é ;> <2x$1— 1> =V

which is the exact solution.
Example 3. Consider the following linear initial value problem [18, 36]

DVy(z) +y(z) =0,
y(0)=1, 0<y<1L

The exact solution for this problem is given by y(z) = E,(—z"), where E,(¢) is the
Mittag-Leffler function defined by [12]

E,(t) = ’;ma v >0,

We solve this problem with placing o = . Here, we use the least square norm as

=0

where gy is the approximated solution and ¢; are given in Eq. (3.3). In Figure 1, the
approximation error ey as a function of the discretization parameter N for different
values of v is plotted in a semi-log coordinate system. As one can see, ey decreases
rapidly. Also Figure 1 shows that our new approximate solution is in good agreement
with the collocation method based on Miintz polynomials given in [18]. Furthermore
the graph of absolute error function |y(x) —g10(x)| for v = 0.2,0.4,0.6 and 0.8 is given
in Figure 2. From Figure 2, we can see that the new method presented in the current
paper provides accurate results even by using N = 10.

(el
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FI1GURE 1. Approximation error ey for various values of ~ for Ex-
ample 3.

0 5 10 15 20 25 30 35 40

FIGURE 2. Plot of absolute error function |y(z) — g10(z)| for various
values of v for Example 3.
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1079 |
10—10_:; '
10-1]_
o]
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Example 4. Let us consider the following nonlinear fractional initial value problem
[12, 18, 39]
40320 réG+32) z
DVy(x) =¥ = 322072
INCE)) I'(-3)

9 3 5 3
+ ZF(rY + 1) + (2‘1:2 - 1‘4> - y(aj) ) v, T € (07 1)a
y(0) = 0.

The exact solution is y(z) = 2% — 324t 4 %:ﬂ. The approximation error ey for
a = v and for different values of v is plotted in Figure 3. As expected, the error ey
[c[v)
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FIGURE 3. Approximation error ey for various values of ~ for Ex-
ample 4.

T
—<4— =075
—&—1=0.50

— — y=0.25

en
3
T

shows an exponential decay. Also Table 1, shows the absolute errors obtained by the
present method for o = ~ and for different values of . These results demonstrate
the spectral accuracy of the present method for this example.

TABLE 1. Absolute values of errors for Example 3.

T

v N 0.125 0.375 0.5 0.625 0.875

10 | 4.7 x107* 6.1 x1072 44 x10™% 8.8 x107% 1.2 x107?
15| 3.2 x107° 6.6 x107° 1.3 x10™* 9.1 x107° 1.6 x107*
025 99| 1.2 %1077 1.4 x10~7 1.4 x10~7 85 x10~° 8.2 x10~°
25 1.5 x1071 1.7 x107 7.0 x10712 2.3 x107'% 2.6 x1071!

10| 9.2 x107° 3.1 x107° 1.7 x107™* 2.0 x10~* 2.4 x107*
15 | 6.8 x1071° 3.2 x1071% 4.9 x107!° 7.7 x1071% 5.7 x1071°
050 99 3.9 %107 2.8 x10~ 32 x10°% 2.7 x10~° 3.1 x10~°
25| 7.4 x107% 6.7 x1071% 4.0 x107'® 4.7 x107'% 2.9 x1071¢

10 | 1.8 x1077 6.7 x107® 2.9 x1077 4.8 x1077 1.6 x1077
15 | 1.0 x107° 1.1 x1071% 9.9 x107* 8.2 x107'' 2.4 x107%
0.75 20|22 %1072 1.1 x107'? 25 x107'? 1.3 x107'2 6.1 x107*3
25120 x107 1.5 x1071® 7.8 x107'* 1.4 x107'* 3.6 x10~™

10| 9.8 x107% 4.7 x107® 4.3 x107%® 1.0 x1077 8.1 x107%
15| 5.7 x107° 1.1 x10™° 3.3 x107° 7.7 x107'° 1.6 x107°

LO 90| 1.5 x1071° 7.3 x107 6.9 x10711 1.6 x107° 9.0 x10~ !
25 | 3.7 x10711 7.1 x107'% 5.3 x107'? 3.9 x107'%? 9.0 x107'?

Example 5. As the last example, consider the following fractional Riccati equation
[22, 33]

DYy(x) = —y*(z) +1, x>0
y(0)=0, ~<(0,1].
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FIGURE 4. Plot of the absolute error function |y(x) — §12(x)| with
v = a =1 for Example 5.
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The exact solution, when v = 1 is y(x) = (€2* +1)/(e** —1). We solved this problem,
by applying the technique described in Section 5.2. In Figure 4, we plot the absolute
error function |y(x) — g12(x)| for ¥ = @ = 1, which shows that the new numerical
solution is closely correlated to the exact solution. The exact solutions for the values
of v # 1 are not exist. Therefore, see [22], to show efficient of our method we define
the norm of residual error as follows

1
Resy(z) = D'jn(z) + 3%(z) — 1, |[Resy(2)]? = /0 Res (z)de  (6.4)

In Figure 5 we plot ||Resy(z)]|? obtained by the present method with N = 10 and
various values of v = «a. Figures 4 and 5, demonstrate the advantages and the
accuracy of the present method for solving nonlinear fractional Riccati equation.

7. CONCLUSION

In this paper, we first introduce fractional-order Chebyshev functions, then we
obtain a new fractional derivative operational matrix for these orthogonal functions.
This matrix can be used to solve fractional differential equations, like that of the
other orthogonal functions. The method is general, easy to implement, and yields
very accurate results. Illustrative examples are included to demonstrate the validity
and applicability of the technique and the exact solutions are obtained for some test
problems.
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FIGURE 5. Plot of the ||Resy(z)]|? for Example 5, with N = 10 and
various values of v = a.
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