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1 Introduction

Let ¢s(G) denote the set of conjugacy class sizes of a finite group G.
In 1988, John G. Thompson posed the following conjecture which appears as Problem
12.38 of [10].

Conjecture. If S is a finite simple group and G is a finite group such that Z(G) = 1 and
cs(G) = cs(S), then G is isomorphic to S.

In [1, 2, 3, 4, 5, 6, 8, 9, 15], it has been shown that the conjecture is true for many finite
simple groups. We prove the following.
Main Theorem. If G is a finite group such that Z(G) =1 and cs(G) = ¢s(PSU,(q)), then
G = PSUy,(q).
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2 Definitions and preliminary results

Let H be a finite group. For z € H, cly(x) and Cg(z) denote the conjugacy class in H
containing x and the centralizer of z in H, respectively. Also, let 7(H) and w(H) be the set
of prime divisors of |H| and the set of orders of elements of H, respectively. For r € 7(H)
(resp. m Cw(H)), Oy (H) (resp. Or(H)) is the largest normal r-subgroup (resp. m-subgroup)
of H and O,/(H) is the largest normal r’-subgroup of H. Also, Syl,(H) denotes the set of
r-Sylow subgroups of H.

For a prime r and a natural number a, |a|, is the r-part of a, i.e., |a|, = 7%, if r!|a,
lal; = a/|al, is the 7'-part of a. If m is a set of primes, then put |a|r = [],c, |al. and
la|- = a/|a|z. Define sgn(—1) = — and sgn(+1) = +. Sometimes, we use GL; (q) and
GL; (q) for GLy(q) and GU,(q), respectively.

Throughout this paper, let p be a prime, ¢ = p¥, n > 3 be a natural number such that
(n,q) # (3,2) and let G be a finite group such that Z(G) = 1 and ¢s(G) = c¢s(PSU,(q)). All

other notations are borrowed from [7] and [12].

Definition 2.1 For an integer m with |m| > 1 and an odd prime r such that gcd(m,r) =1,
exp,(m) denotes the multiplicative order of m modulo r, that is the smallest natural number
i with m* = 1 (mod r). For an odd integer m, we put expy(m) = 1 if m = 1 (mod 4) and
expy(m) = 2, otherwise. A prime r with exp,(m) =i is a primitive prime divisor of m* — 1.

Let Z;(m) be the set of all primitive prime divisors of m* — 1.

Lemma 2.2 (Zsigmondy Theorem) [21, 16] Let m be an integer with |m| > 1. For every
positive integer i, there is a primitive prime divisor of m* — 1, except for the pairs (m,i) €

{(2’ 1)7 (27 6)’ (*27 2)’ (*2’ 3)’ (37 1)7 (*37 2)}

Lemma 2.3 Let r, s, t and u be distinct prime divisors of the order of the finite group H,

K= O{r,s}(H) and K € Syl (K).
(i) If x is a non-trivial s-element of K such that x € K, then |clg(x)| < |K|s.

(i) If M = M/K is a normal t-subgroup of H = H/K, then there exist M; € Syl,(M) and
a non-trivial u-element y € H such that My < Ng(Kg) and y € Ny (KsMy).



Proof. Let K, € Syl.(K). Then K = K, K and so, by Frattini’s argument, H = KNy (K;) =
KNy (K) and hence [H : Ny (Ks)] is an r-number. Since » € K < Ny (K5), cln, (x,)(z) C
K. Thus fal < PGl _ jy, gc(@)] < [K.|. Therefore, lei(a)l <
|K|s, as required in (i). Now we prove (ii). Since H = K,Ngy(Ky) and v € 7n(H) — {r},
u | |[Ng(Ks)|. Also, K, < M and hence, the Dedekind modular law shows that M =
MNH=Mn(K,Ng(Ks)) = K,(M N Npg(Ks)). Therefore, there exists M; € Syl,(M) such

that My < Npy(Ks) and hence, KsM; < H. On the other hand, M = M;K < H and hence,

the Dedekind modular law shows that
MiNk(Kg) = My (KN Np(Ks)) = (MK)NNpg(Ks) = MNNp(Ks) < Np(Ks).
Thus Frattini’s argument gives that
Nu(Ks) = Nny (k) (M) Mi Nk (Ks) = Ny, (k) (M) N (K).

Since K is a {r,s}-group and u | [Ny (K;)|, we deduce that u | [Ny, k,)(M;)| and hence,
Ny (k) (M) = Np(Ks) N Ny (M) contains a non-trivial u-element y. Consequently, y €
Ny (KsM;), as claimed in (ii). O

In the following lemma, we collect some known facts used frequently.
Lemma 2.4 Let H be a finite group, N a normal subgroup of H and x,y € H.

(i) If zy = yz and ged(O(x),0(y)) = 1, then Cu(xy) = Cu(z) N Cu(y). In particular,
Cu(zy) < Cy(z) and |cly(x)| divides |clg(zy)|;

(ii) iof |Cg(x) N N| =1, then |N| divides |clg(x)|;
(i) if x € N, then |cln(z)| divides |cly(x)|;
(iv) if ged(IN],0()) = 1, then Cyyyn(zN) = Cpr()N/N;

(v) if r||[H/N|, r{ |N| (r is a prime and v # p), p¢|||N| and p'|||Cn(R)|, where R € Syl,.(H),
then r|p¢t —1;

(vi) if N is the w-group, for some © C w(H), and x 1is the 7' -element of H of a prime power

order, then |cly ()| divides |cly/n(wN)|.



Proof. (i)-(iii) are straightforward and we obtain (iv) from [11, Theorem 1.6.2]. For the proof
of (v), let P € Syl,(N). Since by Frattini’s argument, H = Ny (P)N, we can assume that
R € Ny(P). Let Q € Syl,(Cn(R)) such that @ < P. Therefore, |P| = |Q| (mod r), so

| p~* — 1, as required in (v). For the proof of (vi), applying (iv) shows that Cp/n(zN) =

Crr(w)N/N and hence |cln(zN)| = [H/N : Cp(x)N/N] = {ZlEda — il s divisible

by |elg(z)|, as desired. O

Lemma 2.5 [2, Lemma 2.7(i)] Let r € Z,,(q) and let x be a non-central element of GLy(q)

such that v | |Cqr, () (®)]. If m is the smallest natural number with O(x) | ¢™ — 1, then

CGLn(q) (1") = GLn/m(qm)

In the following lemmas, GF(q) is the field with ¢ elements, diag(ay,...,ay,) is a diago-

nal matrix with numbers ay,aq,...,a,;, on a diagonal, bd(A1, A, ..., A,,) denotes a block-
diagonal matrix with square blocks A1, As, ..., A, and C! denotes the transpose of a square
matrix C.

Lemma 2.6 Lett be a natural number such that 2t | n and let B € GLy(q*) such that O(B) |
¢* =1 and for every 1 <1< 2t, O(B) ¢ — (-1)". If C =bd(B,...,B) € GL,/5(¢*) and 7

is a field automorphism of GLn/g(qQ), then C7 and (C*)~! are not conjugate in GLn/g((f).

Proof. Let GF(q?) be the algebraic closure of the field of order ¢ and let £ be an element of
GF(¢?) of order O(B). Thereis g € GL(GF(¢?)) such that B = g~ ldiag(¢,£7,..., ¢ Vg €
GLy(¢?) (see [17, Lemma 5]). Thus there exists g1 € GL,,/2(GF(¢®)) such that

t—1)

C = gy 'diag(6,67, ..., €77 6,¢7, ¢

2(t—1)

)g1-

If C™ and (C*)~! are conjugate in GL,, /5(¢?), then we can assume that there exists h = (hy;) €
GL,,/5(GF(q?)) such that

2(t—1)+1

hl diag (€9,€9°,...,¢9 Y Y L A Ry (1)

2(t—1) 2(z-1))

diag (5717§7q27"‘7£7q 7"‘76717€7q27"‘7£7q

Since det(h) # 0, there exists 1 < j < n such that h1; # 0. On the other hand, (1) forces
€9hy; = h1;679", where 0 < 1 < t—1and [ = j — 1 (mod t). Therefore, £& = £~ and
hence (€9)4'+1 = 1. Thus O(¢9) = O(¢) = OB) | &1 +1 = 2! — (=1)2-!. But



21 —1<2(t—1)—1 < 2t, which is a contradiction by our assumption on O(B). This shows
that C7 and (C?)~! are not conjugate in GLn/Q(q2). O

Lemma 2.7 Letr € Z,(—q). If x is an element of GUn(q) of order v, then Cqy, (q)(z) is a

cyclic group of order ¢" — (—1)".

Proof. We prove this lemma in two cases.

Case I. Let n = 2t. It is easy to check that r € Z;(¢?). Let C be an element of GL(q?)
of order r. Since |GL(¢?)|, = |GUn(q)|, and GU,(q) = {T € GL,(¢*) : T"J,T" = J,},
where 71 is a field automorphism of GL,(¢?) of order 2, I; is an identity matrix in G L(q?)
and J, = ( Z IO‘ ) , the second Sylow theorem allows us to assume that z = bd(C7, (C*)~1),
where 7 is a field automorphism of GL;(q?) of order 2. By Lemma 2.6, C™ and (C?)~! are not
conjugate in GL;(¢?) and hence, Car,(g2)(r) = {bd(h1,h2) : (h1)7, (RE)~ € Car,()(C)}
Thus Ceu,, () () = {bd(hT, (R])™!) : h1 € Cgr,(42)(C)} = Car,(g2)(C). So Lemma 2.5 shows
that Cqu, (g)(z) = GL1(q"), which is a cyclic group of order ¢" — 1 = ¢" — (=1)".

Case II. Let n be odd. Then r € Z,(¢?). Since GU,(q) = {T € GL,(¢%) : T"T* = I,,},
where 71 is a field automorphism of G L, (¢?) of order 2, x € GL,(¢*). Lemma 2.5 shows that
Carn(q2) () = GL1(¢°"). Note that GL(¢*") = GF(¢*") —{0}. Thus 7 can be considered as
an involutory field automorphism of GF(¢*"). Therefore, Cqy, () (x) = {h € GF(¢*") — {0} :
hT2ht = 1} = GUy(q"), where 73 is an involutory field automorphism of G L1(¢?") induced by
1.

Therefore, Cgy, (q)() is a cyclic group of order ¢" — (—1)", as desired. [J

Lemma 2.8 Let v € Z,(—q). If © is a non-central element of GUy(q), then either r {

|Cqu,(q)(x)| or there exists a divisor m of n such that Cqy,, (q)(x) = GLS, . (¢™), where m # 1

n/m

and € = sgn((—1)™). In the latter case, if (n,q) = (4,2), then m = 4.

Proof. Let r | |Cqu,(g)(7)]. Then Cqy, (g)(z) contains an element y of the order 7. Therefore,
r € Cau,(q)(y)- By Lemma 2.7, Cqy, (q)(y) is a cyclic group of the order ¢" — (—1)". Let

Cau,(q)(y) be generated by a. Since x € Cqy, (g)(y), we deduce that O(z) divides ¢" — (—1)".

)
Let m be the smallest natural number such that O(x) divides ¢™ — (—1)™. Then m divides

n, by [19, Lemma 6(iii)].



Case I. Let m = 2t be even. It is known that GL;(¢?) contains an element, say B, of or-
der O(z). Set C := bd(B,...,B) € GL,(¢*) and A := bd(CT,(C")~!), where 7 is a field
automorphism of GL,, /2(q2) of the order 2. Lemma 2.6 shows that C™ and (C*)~! are not con-
jugate in GL,/5(¢*) and hence, Cgp, (;2)(A) = {bd(h1, hg) : (h1)7, (k)™ € CaL, () (C)}
On the other hand, we can assume that GU,(q) = {T € GL,(¢?) : T J,T* = J,}, where
71 is a field automorphism of GL,(¢?) of order 2, I, /2 is an identity matrix in G L, /2(q2)
and J, - ( M ) Therefore, A € GU,(q) and Cay, o) (A) = {bd(h], (h})71) : hy €
Car, (a2 (C ﬂ)/} = Cgl, () (C). Since 1 € Zy,2(¢%), Lemma 2.5 shows that Cgy, (4)(4) =
GLy2u(a*) = GLy i (a™)-

Case II. Let m be odd. It is known that GU,,(q) contains an element, namely B, of the
order O(x). By our assumption on O(z), we see that B is an irreducible element of G'L,,(q?)

and since GUp,(q) = {T € GLyu(¢?) : T'T! = I,,}, where 7 is a field automorphism of
GLy(q?) of the order 2, we have B"B! = I,,,. Set A = bd(B,...,B) € GL,(¢?). For the
—_———

n/m—times

field automorphism 71 of G L, (¢?) of the order 2, A™ A = I,, and hence, A € GU,(q). Since
B is an irreducible element of G L,,(¢?), Schur’s lemma guarantees that C¢; Lu(g®)(A) ={h =
(hij) : hij € Cgr,,(g2)(B) U {0}, for every 1 < i,j < n/m}. Again by the irreducibility of
B, we get that Cgy, (42)(B) U {0} is isomorphic to GF(¢*™). Thus 7 can be considered as
an involutory field automorphism of GF(¢*™). Therefore, Cgy, (o) (A) = {h = (hij) : hij €
CiLn(q2)(B) U {0}, for every 1 < 4,5 < n/m and h™h" = I,,/,,} = GU,jpo(¢), where 7 is
an involutory field automorphism of GL,, /., (¢*™) induced by 7.

On the other hand, GL¢

n/m

may assume that y € Cgy, (q)(A). Thus both A,z € Cqy, (q)(y) = (). Since O(A) = O(x)

(¢"™) contains an element of the order ¢" — (—1)"™ and hence we

and (a) contains exactly one subgroup of a given order, we have (4) = (z) and hence,
Cau,(q)(7) = Cau,(g)(A4) = GL;, (g (¢"™), as desired.

If (n,q) = (4,2), then r = 5. If r | |Cqp, () (%), then Cqy, (g (7) contains a non-trivial
r-element y. So |Cgy,(q)(y)| = 15 and [Z(GUy,(q))| = 3. Thus z is a product of a central
element and a non-trivial r-element. This shows that |Cqy, (o) (®)| = |Cau, (o (V)] = 15, as

claimed. O

Corollary 2.9 Let r € Z,(—q). If x is a non-central element of SU,(q), then either r {
|Csu,(q)(%)] or there exists a divisor m # 1 of n such that |Cgy,, () ()| = |GLn/m( ™|/ (g+1),
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where € = sgn((—1)™). In the latter case, if (n,q) = (4,2), then m = 4.

Proof. It follows immediately from Lemma 2.8 and the fact that if « is an element of the

order ¢" — (—=1)" of GU,(q), then [(a) : (a) N SU,L(q)] = [GUn(q) : SU,(¢)] = ¢+ 1. O

Corollary 2.10 Let r € Z,(—q). If x is a non-trivial element of G, then either |clg(z)|, =

|PSU,(q)|, or there exists a divisor m # 1 of n such that |clg(x)| = %,

e = sgn((—1)™) and either f =1 or ged(O(z),ged(m,q+ 1)) # 1 and 5 | ged(g+ 1,m). In

where

the latter case, if (n,q) = (4,2), then m # 2.

Proof. It follows immediately from Corollary 2.9. [J

Lemma 2.11 Let n > 2. If r € Z,_1(—q), then for every non-trivial * € G, either

‘ — |GUx(q)|
((I‘Fl)lGLEn_l)/m(an)' ’

lcla(z)|, = |PSUR(q)|r or there exists a divisor m of n—1 such that |clg(z)
where € = sgn((—1)"). Also, if ¢+ 1| n, then m # 1.

Proof. The same argument used in the proof of Lemma 2.8 completes the proof. [

Lemma 2.12 [6, Lemma 2.9] Let H be a finite centerless group with v € w(H) and let

a € cs(H) be mazimal in cs(H) by divisibility.

(i) If for every B € cs(H), |H|, > |B|r, then there exists a non-trivial r-element uw € H

such that |clg(u)| divides .

(ii) If Max{|B|, : B € cs(H)} = 1 and for every 8 € cs(H) — {1} with |B|, < r, we have
|8 1 o, then |H|, = Pt

Lemma 2.13 (i) (JS_U("_(;];L), (qﬂ)(ﬁ,Ul"_(%)_'l)n,l) € cs(G). Moreover,

|GU,(q)| |GU,(q)]
("= (=1)") (¢ +1)(g" ! = (=)L)

are mazimal in cs(G) by divisibility;

(ii) if t € 7(G) such that |G|y > |PSU,(q)l:, then there exist t-elements Ty, Tn—1 € G such

» GU, GU,
that |clg(xy)| divides % q+1)((ln—1,((f),‘1)n—1),,

and |clg(xp—1)| divides i

(iii) |PSU,(q)| divides |G| and n(PSU,(q)) = 7(G).



Proof. From Corollary 2.10 and Lemma 2.11, (JE_U("_(%L), (q+1)($55]1”_(%ﬂ1)n71> € ¢s(G). Now

suppose by contradiction that % is not maximal in ¢s(G) by divisibility. Since ¢s(G) =
cs(PSUy(q)), we conclude that there exists x € PSU,,(q) such that |clpgy, ) ()| # L?U(" B

and % divides [clpgy,(q) (7). Thus |Cpsy, (g (7)| divides m, so x is a

semi-simple element of PSU,(q). Thus there exists a maximal torus 7" of PSU,(q) con-

taining z and hence, T < Cpgy, (q)(7). Therefore, |T'| divides % and hence,

considering the orders of maximal tori of PSU,(q) (see [18]) shows that |T'| = %.
| = %, which is a contradiction to our assumption. The

same reasoning can be applied to prove that (q+1)(|GU”(%)|1)n n is maximal in ¢s(G) by

Therefore, |Cpgy, q)( )

divisibility, as wanted in (i). Now (ii) follows from (i) and Lemma 2.12(i). Finally, by
(1), lcm((q‘f—U(n—((g'n)7 (q+1)(q‘§y1nf(%ﬂl)"_l)) = |PSU,(q)| divides |G| and applying the same ar-
gument given in the proof of [3, Corollary 2.8] shows that 7(G) C w(PSUy(q)), hence

m(PSU,(q)) = 7(G), as wanted in (iii). O

Lemma 2.14 For a € {n,n — 1}, let ro € Zo(—q).
(i) [Glro = [PSUn(q)]ra-

(i) If v € ¢s(G) — {1} such that |y|,, < |Glr,, then there exists a divisor m of a such

|GUn(q)l
Blg+1)"=*|GL, ,, (g™

B | ged(q + 1,m). Also, if either a =n ora=n—1 and ¢+ 1| n, then m # 1.

that v = Ik where € = sgn((—1)™) and either 5 =1 or &« = n and

Proof. Corollary 2.10, Lemmas 2.11 and 2.13, and a trivial verification guarantee that r, and

|GUn(9)]
(g+1)"~*(g*—(=1

Now (ii) follows from (i), Corollary 2.10 and Lemma 2.11. [J

B satisfy the assumptions of Lemma 2.12(ii) and so complete the proof of (i).

Lemma 2.15 [6, Lemma 2.12] Let H be a finite group with Z(H) = {1} and r € w(H) such
that |H|, = Max{|vy|, : v € ¢s(H)}. Let = be a non-trivial r-element of H, let B = {vy €
es(H) —{1} : |vlr < |H|r} and let & be mazimal in cs(H) by divisibility. Assume |£|, =1 and
for every B € B — {&}, either there exists t € w(H) — {r} such that ||y # 1 and one of the

following holds:

(a) |Ble =1, |[H|t = Max{|v|t : v € es(H)} and there is not any 6 € B—{S} with |6]¢ < |H|¢
and B | 0;



(b) |Ble = Min{|~|s : v € B} # |H], 1,

or B = {y € B : B | v} contains exactly two elements and for every v € B', we have

|Blr = |v|r and either |y| = |B| or |v|/|B| is not a prime power. Then

(i) |clg(x)| = & Moreover, Cy(x) = O,(Ch(x)) X O (Ch(x)), Op(Cr(x)) is abelian and
Cu(z) is nilpotent.

(ii) For every r'-element w € Cy(z), Cu(x) < Ch(w).

Lemma 2.16 For o € {n,n — 1}, let ro € Zo(—q). Then

(i) for every rn_i-element x,—1 € G — {1}, |cdg(xn-1)| = (qﬂ)(ﬁg’l_(%ll)n,l). More-
over, Cg(zn-1) = Or, ,(Cc(zn-1)) X Op _ (Ca(2n-1)), Op  (Ci(xn-1)) is abelian

and Cg(xp—1) is nilpotent.

(ii) If n is prime or (n,q) = (4,2), then for every rn-element z, € G — {1}, |clg(z,)| =
%. Moreover, Cg(zn) = Oy, (Ca(zn)) X Op (Ca(xn)), Op (Ca(xy)) is abelian
and Cg(xy,) is nilpotent.

(iii) For every rl,_,-element wy_1 € Ca(xn—1), Ca(zn-1) < Cq(wp—1).

(iv) If n is prime or (n,q) = (4,2), then for every rl,-element w, € Cg(x,), Ca(x,) <
CG(wn)'

Proof. Fix T, = {B € ¢s(G) — {1} : |8, < |G|r,}. Lemmas 2.13 and 2.14(ii), and a trivial

|GUn(q)]

T (go— (=% and T, satisfy the assumptions of Lemma

verification lead us to see that r,, 0

2.15 and so complete the proof. []

Lemma 2.17 Let u € n(PSU,(q)) — {p}.
(1) If {q,u} # {2,3}, then |PSU,(q)|. < ¢**/?. Also, if
(q7 u) g {(27 3>7 (37 2)7 (77 2)7 (87 3)7 (47 5)}7

then |PSUL(q)|u < %q"flq("fl)/‘l.



(i) If {q,u} # {2,3}, then for (q,u) # (7,2),(8,3), |PSU(q)lu < ¢*° and, |PSUL(T)]2 <
7357 |PSU4(8)|3 < 87, |PSUL(2)|3 < 25 and |PSU4(3)|2 < 3*5. If {q,u} # {2,3},
then |PSUs(q)lw < ¢*° and, |PSU5(2)|3 < 28 and |PSU5(3)]2 < 37. If {q,u} #
{2,3}, then |PSUs(q)|lu < q" and, |PSUs(2)|3 < 210 and |PSUs(3)|2 < 3°. Moreover,
|PSU,(3)|y < 31924 gnd |PSU,(2)s < 22408,

(iii) If n > 3, then for every x € PSU,(q) — {1}, either |clpsy,q)(z)| > [PSUL(q)|u or
{q,u} = {273} AlSO, an > 6 and (q,u) g {<273)7( ) )7(77 2)7(873>7 (47 5)}7 then fOT
every x € PSUy,(q) — {1}, either |clpsy, q)(2)ly > |PSUn(q)|u or ¢ & {2,3,4,7,8},

S n
q+11n and |[clpsy, ) ()| = %

Proof. Considering the order of PSU,(q) completes the proof of (i) and (ii). Since Cpgy, (4)(7) <
PSUpn(q), we deduce that there exists a maximal subgroup M of PSU,,(q) containing Cpgy, (q)(Z)-
Considering the orders of maximal subgroups of PSU,,(q), mentioned in [12, Tables 3.5.A-F]
and the structural properties of members of these tables [12, Chap. 4] completes the proof of
(iii). O

Remark 2.18 Letr, € Z,(—q). Ifn is an odd prime or (n,q) = (4,2), then gcd(%, q+

1) =1 and hence Lemma 2.14(ii) shows that

{B € cs(G) — {1} : |Blr, < |PSU(9)]r,} = {M}

If there exists t € w(G) = w(PSU,(q)) such that |G|z > |PSUp(q)|t, then Lemma 2.14(i)
shows that t € Z,,(—q) U Zp—1(—q) and Lemma 2.13(ii) forces G — {1} to contain a t-element

x such that |clg(x)| divides |GU"( L and hence, 1 |elg(z)]. Thus (2) shows that |clg(x)| =

(="
%. Therefore, C(;(x) contains a non-trivial ryp-element w, which by (2), |clg(x)| =

lclg(w)|. So Lemma 2.16(iv) guarantees that Z(T') < Cg(w) = Cg(x), for some T € Syl,(G).
Thus again Lemma 2.16(iv) shows that if y € Z(T), then Cq(w) < Cq(y) and hence |clg(y)|

divides |clg(w)|. Therefore, vy 1 |clg(y)|. Thus (2) shows that |clg(y)| = %. But

y € Z(T), sot {1 |cdag(y)| and hence, t € W(%), by Lemma 2.13(iii). On the

other hand, n is prime or (n,q) = (4,2) and hence W(%) = Zn(—q), which is a

contradiction because t ¢ Zn(—q). Thus |G| = |PSU,(q)|.

(2)

Also, let rn—1 € Zp_1(—q). If n—1 is prime and ¢+ 1 | n, then Lemma 2.14(ii) shows
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that

{B€es(G) = {1} : Blr,y < [PSUn(@)lr,_, } = {(q n 1)<|qff]1”(_q>(‘_1)n_l) }

Thus the same reasoning as above shows that |G| = |PSUy(q)|.
Lemma 2.19 [6, Lemma 2.15] Let H be a finite group with Z(H) =1 and r,t € n(H).

(i) If for every B € cs(H) — {1} with |B|, < |H|, t | B, then for every non-trivial r-element
xr € H and T € Syl,(H), Cy(x,) N Z(T) = 1.

(ii) If for every B € cs(H) — {1}, either |B|, = |H|, or |B|: = |H|:, then
(a) rt & w(H);

(b) for every r-element x, € H—{1} and t-element vy € H—{1}, Cy(z,)NCx(x¢) = 1.

In particular, for everyu € w(H), |Cr(zy)|u < |cpg(xe)|y and |H|y < |clg(xy)|ul|clm(ze)]u-

Lemma 2.20 For some m C 7w(G), let K be a normal w-subgroup of G and G = % For
a € {n,n — 1}, let (n,q) = (4,2) and r3 = r4 =5 or (n,q) = (3,3) and ro = r3 =7 or
(n,q) # (4,2),(3,3) and o € Zo(—q). Let xo be an ro-element of G — {1}. Then:
(i) for every P € Syl,(G), Ca(xa) N Z(P) = 1. Also, if {q,t} = {2,3} and T € Syl,(G),
then Ca(zn) N Z(T) = {1};
(i1) if (n,q) # (3,3),(4,2), then for every v € cs(G) — {1}, either |v|., = |G|r, or |V|r,_, =
‘G|7'n717.
(iii) if (n,q) # (3,3),(4,2), then rpro—1 € wW(G);

(iV) Zf (nv(J) 7& (3a 3)7 (47 2)7 then CG(:L'n) N CG(xnfl) = {1};

(v) for every t € w(Q), either (n,q) € {(3,3),(4,2)} and |G| = |PSU,(q)|: or

(1GU(@)l)?
Gl < .
Gl < T = D e T = (T

In particular, |G|; < (|PSUL(q)|t)? and |Ca(za)|s < |PSUL(Q)|e;

(¥i) f rs s @, then |y o | Ca(Ea)l;

(vil) if rn,rp—1 € 7, then Cg(Tn-1) is nilpotent and O,1  (Ca(Zn-1)) is abelian. Also, if n

is prime or (n,q) = (4,2), then Cg(Z,) is nilpotent and O, (Cg(Zy)) is abelian.
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Proof. (i) follows immediately from Lemmas 2.14(ii) and 2.19(i). For the proof of (ii), we

assume that such v € ¢s(G) exists. We derive a contradiction to this assumption. Since

|GUA ()|
BIGLS (™))’

divisor of n, € = sgn((—1)™) and S | ged(q + 1,m). Thus considering Lemma 2.14(i) gives

1Ylr. # |G|r,, we deduce from Lemma 2.14(ii) that v = where m # 1 is a

that |v|,,_, = |PSU.(Q)|r,_, = |G|r,_,, which is a contradiction. From (ii) and Lemma
2.19(ii)(a,b), we obtain (iii) and (iv). Also, if (n,q) = (3,3), (4,2), then Remark 2.18 shows
that |G| = |PSU,(q)| and otherwise, by Lemma 2.19(ii)(b), for every t € w(G), |G| <
lclg(zn)|elcla(zn—1)|¢- Thus (v) follows from Lemma 2.14(ii). Now we prove (vi). From

Lemmas 2.14(ii) and 2.16(i), [PSU,(q)| divides |G| and |clg(za)| | LFonaltJecdlurl).

Thus |1|3GS|I(Jq,I;))|7E;%Z;1((;22) | |Ca(zq)]. Also Lemma 2.4(iv) shows that Cx(Zo) = % =

%, so (vi) follows and Lemma 2.16(i,ii) completes the proof of (vii). O

Lemma 2.21 Let r, € Z,(—q) and xy, be an rp-element of G — {1}. Also let K G be a

s-group for some s € w(Q).

(i) If S € Syl (G) such that K NCg(xy,) # {1}, then there exists 1 # y, € K NCs(xy,) such
that Z(K)Cs(zn) < Ca(yn).

(ii) If S € Syly(G) such that Z(K)NCs(xy) # {1}, then there exists 1 # y, € Z(K)NCs(xy,)
such that KCs(x,) < Cq(yn)-

Proof. Since K <G, {1} # KNCgs(xy,) ACs(zy) and hence, Z(Cg(zy,))N(KNCs(xy,)) # {1}.
Thus there exists 1 # y, € Z(Cs(zy)) N K, so Cs(zy) < Cq(yn). Also, y, € K and hence,
Z(K) < Cq(yn). Therefore, Z(K)Cg(xy) < Cq(yn), as desired in (i). The same argument

completes the proof of (ii). OJ

Lemma 2.22 Let (n,q) # (3,3),(4,2), a € {n,n — 1}, ro € Zy(—q) and let xo be an
ro-element of G — {1}. Also let K < G be an abelian s-group for some s € 7w(G). If
Cr(xn),Cx(xn—1) # {1}, then there exist a divisor my of n and a divisor mg of n — 1 such

Bls|GLY ™1)|5|GLS2 72)]
thatmlyéla,ndu(ygl“ (g™1)]s] (g™2)|

n/mq (n—1)/mg
lg" = (=1)"[slg" T =(=1)" s

€1 =sgn((—1)™) and ea = sgn((—1)"2).

, where B divides ged(my,q + 1),

Proof. Since Ck (z,) # {1}, there exists S € Syl (G) such that 1 # Cs(zy,) € Syl,(Ca(zn)),
so Lemma 2.21 shows that there exists 1 # y,, € Ck(zy,) such that Z(K)Cgs(z,) = KCs(x,) <
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Ca(yn). Also, if 1 # y,—1 € Cg(xn—1), then Lemma 2.16(iii) shows that KCq(zp—1) <

K o . C nj)ls l nj)|s
Cec(yn—1). Therefore, |clx(xy,)| = W divides ||Ci(én))|‘ = ||Zlggn))\|s and |clg(zp—1)| =
\C’;J(x%l)\ divides “gggzjgt = Eggzz:igt On the other hand, Lemma 2.14(ii) implies that
there exist a divisor m; of n and a divisor mo of n — 1 such that m; # 1, Eg%zzgt divides

BLIGL,, (@)l o (on Dl o IGL2 L (qm2),
\q”—(/—i)"ls and 1212&1_3;5 divides |q"(*1i)(/—12)”*1\3 , where 8 | ged(mi,q + 1), €1 =

sgn((—1)™) and ez = sgn((—1)"2). Since Ck(x,)Cxk(zn—1) < K and Cg(z,) N Ck(zp_1) =
{1}, by Lemma 2.20(iv), |Ck(xy)| divides % Therefore, |K| = |Ck(zp)||clk (zn)]

divides |clg (zn—1)||clk (xy)|, hence the above statements complete the proof. [

Lemma 2.23 Let H be a finite simple group of Lie type over a field with q elements such
that |H|p = ¢*. If r € m(H) — {p}, then there exists 1 < i < u such that r € Z;(q) unless

(i) H = PSLy(q) and r € Zs(q);
(ii) H = PSUs(q) and r € Zs(q);
(iii) H = 2Ba(q) and r € Z4(q);
(iv) H =2Ga(q) and r € Zs(q).

Proof. The proof follows immediately by considering the orders of finite simple groups of Lie

type. U

Lemma 2.24 [2, Proof of Theorem 3.3, Case 2] Let r € Z,(q). If w is a non-trivial r-
element of PSLy,(q) and ¢ is a non-trivial field automorphism of PSLy(q), then PSL,(q)
does mot contain any element g such that (Yig) iy (Yi,) € {iw,i@wty-1}, where for every

z,y € PSL,(q), iy(x) = y tay.

Theorem 2.25 If N = PSU,(q) < H < Aut(PSU,(q)) and cs(H) = c¢s(PSU,(q)), then
H =~ PSU,(q).

Proof. Let 0 be a column vector with entries 0 and 1 be a column vector with entries 1.
Let J; = A1 = (1), » = (? (1) ) and 4, = < (1) ° ), for some as € GF(q?) — {0} such
that ag + ad = 0, where GF(¢®) denotes a field with ¢? elements. For n > 3, fix s, =
( g J:; (1) ) and a4, = ( (1) 7j,jj2_2 aln ), for some a,, € GF(¢?) with a, + ah = —1'J, 1.

1 ot 0 0 ot 1
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Since SU,(q) = {A € SL,(¢?) : A*J, AT = J,}, we get that A,, € SU,(q). Note that for a
diagonal automorphism § of PSU,(q) of order ged(n,q+ 1), PSU,(q).(0) = PGU,(q) and an
easy calculation shows that [Cpgy, () (AnZ(GUx(q)))| is a p-number. Thus if H contains a
non-trivial diagonal automorphism, then [Cgr( pSUn(q).<5>)(/_ln)| is a p-number and hence, for
some s € w(H N (PSU,(q)-(6))/PSUL(q)), |clir(An)|s > |[PSU,(q)|s, where A, is the image of
A, in H. Therefore, |cly(Ay)| € cs(H) — e¢s(PSU,(q)). So cs(H) # cs(PSU,(q)), which is a
contradiction. This shows that H does not contain any diagonal automorphism of PSU,(q).

Now let H contain a field automorphism . If n is odd, then let r € Z,(—q) and let A
be a non-trivial r-element of PSU,(q). An easy verification shows that Z,(—q) C Z,(¢?),
so r € Zn(q?). Since PSUn(q) S PSLn(¢*), Lemma 2.24 shows that Cpgy, (q).(p)(i4) =
Cpsu,(q(ia), where for every x € PSU,(q), ia(z) = A7'zA. Also, it is known that

ICpsu,(g)(ia)l = %. Therefore, for some divisors &’ # 1 of k and k" of ged(n, g+1),
|GUn(g)]

Kk |GUn(q)|
(g™+1)

leli(ia)| = i1+ Whichis a contradiction because by Lemma 2.13(i), is maximal

in ¢s(PSU,(q)) by divisibility. Now let n be even and r € Z,(—¢). Again an easy verification
shows that Z,(—q) C Zn/g(qQ) and hence, r € Zn/Q(qQ). Let A be a non-trivial r-element of
SLn/Q(qQ). Then since SU,(q) = {C € SL,(¢?) : C'K,,C™ = K, }, where I,, = diag(1,...,1)

——

n—times

and x, = < 1:/2 1"0/2 >, we have » = ( “‘271 :T )Z(SUn(q)) is an r-element of PSU,(q) and
hence, by considering Lemma 2.24, we see that Cpgy, (4).() (1E) = Cpsu, (q)(iE). Thus apply-
ing the above argument leads us to a contradiction.

This shows that H does not contain any field automorphism of PSU,,(q). The same rea-
soning shows that H does not contain any diagonal-field automorphism. Thus H = PSU,(q),

as claimed. [

3 The proof of the main theorem

By assumption, n > 3 and since PSU,(q) is considered as a simple group, (n,q) # (3,2).

Define the natural function 7 as follows:

m, if m and m/2 are even
T(m) =149 m/2, if miseven and m/2is odd -
2m, if m is odd
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Since ¢ = p*, for every natural number m, Zrmyk(p) € Zm(—q) and by Lemma 2.2, Z_(,,yx(p) =
0 if and only if (m,q) € {(3,2),(2,3),(2,2)}. Thus Z,(),(p) # 0 and also, Z.(,—1)k(p) = 0
if and only if (n,q) € {(4,2),(3,3)}. So hereafter, we may assume 7, € Z (,)x(p) € Zn(—q)-
Also, if (n,q) # (4,2),(3,3), let 7n—1 € Zr(n—1)k(p) € Zn—1(—¢q) and otherwise, let 7,1 = 7y,
For a« € {n,n — 1}, suppose that z, is an ro-element of G — {1} and let N be a normal
subgroup of G such that for some s € 7(G), N is s-elementary abelian and |N| = s¢. We
prove that N = 1. Suppose by contradiction that N # 1 and hence, Os(G) # 1. Since N is a

normal and abelian subgroup of G, we deduce that for every y € N — {1},

ca(y) € N < Ca(y). (3)
Therefore,
lcla(y)] < IN| < [Ca(y)ls < |Gls. (4)
Let N = 0,(04(G)), then
lcla(y)| < |0s(G)] < |Gs. (5)

We prove the main theorem in a sequence of steps.

Step 1. If n is prime or (n,q) = (4,2), then Os(G) N Ca(x,) = {1}. Moreover, if n — 1 is
prime and ¢ + 1 | n, then O5(G) N Cg(zn—1) = {1}.

Proof. Let n be a prime or (n,q) = (4,2) and let 1 # y,, € O5(G) N Cq(zy). By Remark 2.18,
G| = |PSU(q)] and

ol € 17 € e5(G) = (1} Iy < IPSUn @} = { i}

Also, by (5), q"(n=D/2+n=1) <SG — el (y,)| < [05(G)] < |Gls and either n # 3 and

|Gls = |PSUL(q)|s < qme{n(n=1)/224n=08} o |G|, = |PSU,(q)|s < ¢°, which is impossible.
So O4(G) N Cq(xy) = {1}.

Let n — 1 be prime and ¢+ 1 | n. If 1 # y,—1 € Os(G) N Cg(xp—1), then replacing r,, and

|GUx(q)] 3 |GUn(9)]
@r=(-hm Vith Ta-1 and e G

Step 2. If s # p, then O4(G) N Ca(zy,) = {1} and if s = p, then Os(G) N Ca(zn-1) # {1}.

In particular, Z(0p(G)) N Cq(xn—1) # {1} and if 1 # y,—1 € Z(O,(G)) N Cg(xp—1), then n

is not prime, ¢ + 1t n and |clg(yn—1)| = %.

in the above statement completes the proof. [J
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Proof. On the contrary, let s # p and 1 # y,, € Os(G)NCg(x,). Thus there exists a divisor m

| = %, where € = sgn((—1)™) and 3 | ged(m, g+1).

Also by (5), |elg(yn)| < |0s(G)| < |Gls. Thus Lemma 2.20(v) shows that % <

|qn—(—1)”|s(“qCTV+[J1T‘Ls(T]LI)"LS)f—(—1)n71‘37 which is impossible. Therefore, O4(G) N Cg(x,) = {1}, as

of n such that m # 1 and |clg(yn)

wanted.
Now let s = p. Suppose by contradiction that O,(G) N Cg(xp—1) = {1}. Thus |Oy(G)| <

lclg(zn—1)lp < |PSUL(q)|p, by Lemma 2.4(ii). If 1 # y € O,(G) N Cg(xy), then by Lemma

|GUn(q)]

2.14(ii) and (5), there exists a divisor m of n such that m # 1 and |clg(y)| = BT (@™
n/m
|GUn(q)| <

where € = sgn((—1)") and 3 | gcd(m, ¢+1), and |clg(y)| < |Op(G)|. Therefore, BIGTE, 1 (a™]
|PSU,(q)|p, which is impossible. So O,(G)NCq(z,) = {1} and Lemma 2.4(v) forces ry,—1, 7, |
|Op(G)| — 1 = p* — 1. Thus 7(n)k,7(n — 1)k | a. This shows that n(n — 1)k | a, which is
impossible because p® = |0,(G)| < |PSU,(q)|, = "~ D*/2. Therefore, O,(G) N Cq(xy_1) #
{1}, as claimed. The same reasoning shows that Z(O,(G)) N Cg(xn—1) # {1}.

If Z(0p(G)) N Cg(xp—1) # {1} and n is prime, then since Remark 2.18 shows that
|G| = |PSU,L(q)| and |clg(zn—1)|p = |PSU(q)|p, We get that |Cq(zn_1)|, = 1, which is a
contradiction. So if O,(G) # {1}, then n is not prime.

Finally suppose, contrary to our claim, that 1 # y,—1 € Z(O,(G)) N Cg(xn—1) such that

lelg(yn—1)| # Wm. Lemma 2.14(ii) shows that there exists a divisor m # 1 of n—1
such that |clg(yn—1)| = (q+1)|C|:(L;gj_(f))/|m(qm)|, where € = sgn((—1)"). If Z(0,(G)) N Cq(xy) =

{1}, then Lemma 2.4(ii) shows that |Z(0,(G))| < |clg(zn)|p < |PSUL(q)|, = ¢""V/2. 1f
Z(0p(G)) N Cg(zpn) # {1}, then applying Lemma 2.22 leads us to divisor m; # 1 of n
such that |Z(0,(@))] < ¢ T2 4™ 5= On the other hand, yo_1 € Z(0,(G)), s0

GUn nin— GUn
lelg(yn—1)| < |Z(0p(G))| and hence, (q+l)‘C|;LEnff))/‘m(qm) < g"(=1)/2 op (qH)'(‘;LEnff))Jm(qm) <

(n—l)((ngl)/m—l) n(n/mj—1)

q- 2 , which it is impossible. [

Step 3. Let N # {1}. Then n > 9 and {¢,s} = {2,3} or n > 6, s = p, n is not prime and
¢+ 1fn. If s=pand n =6, then O,(G) N Cq(zy) = {1}.
Proof. Let s # p. By Step 2, NN Cg(x,) = {1}. Lemma 2.4(ii) and (4) show that for every
y € G, |ca(y)| < IN| < lelg(zn)]s < |PSUL(q)|s- Lemma 2.17(iii) gives that {q, s} = {2, 3}.

Now let n = 8. If ¢ = 3 and s = 2, then |[N| < |clg(z,)]2 < 2. Since ¢+ 1 |nand n —1
is prime, Step 1 shows that N N Cg(zp—1) = {1} and hence, (x,_1) acts fixed-point-freely
on N — {1}. Thus rp,—1 = O(xp_1) divides |N| — 1. But r,—1 = 547 and exps7(2) > 19,
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which is a contradiction. Now let ¢ = 2 and s = 3. Then |N| < |clg(z,)]3 < 3°. Since
NN Cq(zyn) = {1}, (x,) acts fixed-point-freely on N — {1}. Thus 17 = r,, = O(x,,) divides
IN| — 1. But exp;7(3) > 9, which is a contradiction. Thus if n = 8, then {¢,s} # {2,3}.
The same reasoning shows that if n € {6,7}, then {q,s} # {2,3}; if n =5, (¢,s) # (3,2);
and if n = 4, (¢,5) # (2,3). If n =5 and (g,s) = (2,3), then since |N| < |clg(x,)]3 < 3°,
for ever y € N, |clg(y)| < |N| < 243, by (4). Therefore, considering the elements of cs(G)
shows that for every y € N — {1}, |clg(y)| € {165,176}, so for some [,h € NU{0} and a < 5,
165 + 176h = |[N| — 1 = 3* — 1, which is impossible. Thus if n = 5, then (g, s) # (2,3). The
same reasoning shows that if n € {3,4}, then (g, s) # (3,2), as desired.

If s = p, then Step 2 shows that n is not prime and ¢+ 1{n. So n # 3,5.

Now let n = 4, s = p and O,(G) # {1}. Step 2 shows that there exists 1 # y,_1 €
C(21-1)10,(G). Thussince Z(0,(@))C(x1-1) < CalWn1). ra1 | 1Z(OG)/|Co(0y(01 wn-1)| =
¢ and |Z(0,(G))|/|1C2(0, () (@n—1)| divides [S&ln=tle — ldaltnsllo = 156 |elg(y,_1)| €

ICq(@n—1)lp — lela(yn—1)lp
GUi@l__[6Ux(g) Cawally _ Io(n ) -
{ @B @i | so 6k | e and pf < [GEE=e = efmtle < . This shows that

e = 0 and hence, Z(Oy(G)) < Cg(zn-1). Thus for @ € Syl,(G), {1} # Z(0,(G)) N Z(Q) <
Ca(xn—1) N Z(Q), so Z(Q) N Cg(xn—1) # {1}, which is a contradiction to Lemma 2.20(i).
This forces O,(G) = {1}, as wanted.

Our next concern is the case n = 6 and s = p. If Z(0,(G))NCq(xy) # {1}, then there ex-
ists 1 # yn € Z(0p(G)) N Cg(zx) such that for some P € Syl,(Ca(yn)), Z(0p(G))Cp(xy) <
Cq(yn) and Cp(zy,) € Syl,(Ca(wy,)), by Lemma 2.21(ii). So there exist m € {2,3,6} and
a divisor S of ged(m,q + 1) such that |clg(y,)| = %, where € = sgn((—1)").
Thus |Z(0,(G))/Cr(oya ()] = £ divides [C(gn)lp/ICaln)ly = Il lp/ I a)ly <
|GLg/m(qm)|p = p% so b < a < 6k. Also, Lemma 2.4(v) shows that r, | p® — 1. But
exp,, (p) = 3k and hence 3k | b. This forces b € {0,3k,6k}. On the other hand, for

Q € Syl,(G), Z(Q)NZ(0p(Q)) # {1} and Ca(r,)NZ(Q) = {1}. Hence, Z(0,(G)) £ Ca(wn).
This shows that b # 0, so b € {3k, 6k} and m € {2,3}. By step 2, Z(0,(G))NCeq(xn—1) # {1}.
We have C(0, (@) (7n)Cz0,(a)) (Tn-1) < Z(0p(G)) and hence, |Cz o, (ay)(zn)| = p° divides
|Z(0p(G))/Cri0,() (Tn-1)| = p!, pf <lelg(zn-1)|p = ¢*° and r5 | p/ — 1. Thuse < f < 10
and hence, ¢'7 < |clg(yn)| < |Z(0p(G))| = p*.p® < ¢'%, which is a contradiction. This shows
that Z(0,(G))NCq(zy) = {1}. If O,(G)NCq(xy) # {1}, then Lemma 2.21(i) allows us to as-
sume that there exist z, € Op(G)NCq () and P € Syl,(G) such that Cp(x,) € Syl,(Ca(zn))
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and Cp(zy) < Cp(zy). Hence Z(0,(G))Cp(xy) < Ca(zn). By repeating the above argument,
|Z(0,(G))| < ¢°. On the other hand 7,1 | 1Z(0p(G))/Cz0,(q)(Tn-1)] =1 = p? — 1 and
hence 10k | g. Therefore, g = 0. So Z(O,(G)) < Cg(xn—1), which is a contradiction with
Lemma 2.20(i). Thus O,(G) N Cg(zy) = {1}, as wanted. O

In the following, let Ky = O4(G), where n > 9 and {q,s} = {2,3} orn > 6, s = p, n is

not prime and ¢ + 1 { n. Otherwise, Ko = {1}. Also, suppose that My = %g is a minimal

normal subgroup of G = KQO and for every = € G, let Z be the image of z in G.

Step 4. If Ko # {1} and M is a t-elementary abelian group for some t € 7(G), then
MyN Cq(z,) = {1}.

Proof. Suppose that, to the contrary, there exists 1 # g, € My N Cg(Z,). So we can assume
that y, is a t-element of C(zy,). Therefore, Lemma 2.14(ii) shows that there exist a divisor m
of n and a divisor § of ged(m, g+1) such that |clg(yn)| = %, where e = sgn((—1)™).
Note that Ky = Os(G), so s # t. Since y,, is a t-element, Lemmas 2.4(iv,vi) and 2.20(v), and

the same reasoning given for (3) yield that

lda(yn)ly < lelg(in)| < | Mol (6)
_ Gk |PSUn ()t Ble|GLs, ., (4]
lcla(yn)le = g+ 1elged(n, g + 1)

< [Ce(@n)lt = 1Ca(yn)lt

i

because by Lemma 2.20(v), |G|; < (|[PSU,(q)|¢)?. So by considering the different values of n,
m and s, and Lemma 2.17(i,ii), we see that one of the following possibilities occurs:
(1) s = p, (a:1) € {(3.2),(4,5), (7,2)} and (n,m) = (6,2). If (q,) = (3,2), then (6) shows

that |My| < |PSU6(3)‘2J£|2|GL3(9)|2 < 217, Since (z5) acts on My, applying Lemma 2.4(v)

shows that 61 = r5 = O(z5) divides ‘015\37(‘25)' — 1 =2%—1, where 2% < |Mplz < 2'7. But
expg(2) > 17 and hence, a = 0. Therefore, Cy (75) = Mo. So My < Cg(Z5). This gives
that |Mo| < |Ca(Zs)|2 = |Ca(xs)|2 < |PSUs(3)|2 and hence, by (6), |clg(yn)|y < [PSUs(3)|2,
which is impossible. The same reasoning rules out the case (q,t) € {(4,5),(7,2)}.

(II) s =p, (¢,t) = (2,3) and (n,m) € {(10,2),(8,2)}. If n = 10 and m = 2, then (6) shows
that |Mo| < |PSU10(2)|3|GUs(4)|3 < 3. Since (z19) acts on My, applying Lemma 2.4(v)
shows that 31 = r19 = O(%19) divides \sz‘[f[% —1=3%—1, where 3% < [Mp|3 < 3'8. On the
other hand, exps;(3) = 30 and hence, a = 0. This gives Cyy, (T10) = Mo, so My < Cg(Z10)-
Therefore, |Mo| < |Ca(z10)ls < |PSU10(2)|3 and hence, by (6), |cla(yn)ly < |PSU10(2)]3,

which is impossible. The same reasoning rules out n = 8 and m = 2.
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Step 5. If Ky # {1} and M is a t-elementary abelian group for some t € 7(G) — {s}, then
n>9 {q¢s}={2,3andt=porn>8,s=p, (¢,t) €{(2,3),(3,2),(7,2),(8,3),(4,5)}, n is
not prime and ¢+ 1t n.

Proof. Since Ky # {1}, Step 3 shows that n > 9 and {¢,s} = {2,3} orn > 6, s = p, n is
not prime and ¢ + 1 1 n. Let {q,s} = {2,3}. By Steps 3 and 4, Ko N Cg(z,) = {1} and
My N Cgx(Z,) = {1}. Thus (z,,) acts fixed-point-freely on My — {1}. So Mp is nilpotent and
hence, O;(G) # 1. Therefore, Step 3 forces t = p, as wanted. The same reasoning shows that
if n =6 and s = p, then Oy(G) # 1, which is impossible by considering Step 3.

Now let s = p. Then t # p and by Step 4, Mo N Cg(Z,) = {1}. Thus |My| < |cla(Zn)|: =
lclg(zn)|e < |PSUL(Q)|t, by Lemma 2.4(ii,iv). So for some t-element 1 # y € My, Lemma
2.4(vi) yields |cla(y)ly < |da(@)] < [Mo] < |PSU,(g)lt. Thus Lemma 2.17(iii) shows that
either ¢ + 1 t n and |clg(y)| = % or (q,t) € {(2,3),(3,2),(7,2),(8,3),(4,5)}. So if
(q,t) € {(2,3),(3,2),(7,2),(8,3),(4,5)}, then |cla(y)| = % and hence, we can assume
that y € Cg(xn—1). On the other hand, Step 2 shows that Z(Ky) N Cg(x,—1) contains a
non-trivial element z such that |clg(2)| = %. Since Cg(xn-1) = Oy, _,(Cg(an-1)) X
O, (Cg(zn-1)), by Lemma 2.16(i), we can assume that y,z € Op (Cg(zn-1)). But
O, (Cg(wp-1)) is abelian, by Lemma 2.16(i), so yz = zy. Also ged(O(y), O(2)) = ged(p, t) =
1. Thus Lemma 2.4(i) shows that

el (y2)| Gl _ |GlICa(y)Ca(2)
Cal) NCalx)] — 1Ca)lCal?)]
GF 1SU(g)]

A N o € clo(2)| = (——Lm 21 y2 an
= [awicer) eI =ey gy = ™

On other hand, yz € Cg(x,—1) and hence there exists a divisor m of n—1 such that |clg(yz)| =
[SUx(q)] — _1\ym [SUn(q)] 4n ; _
[CLe, ) @1 where € = sgn((—1)™). So by (7), (T2, ) @ < ¢*". This forces m = 1 and

hence, |clg(yz)| = |cla(y)| = |cla(z)|. It follows from Lemma 2.4(i) that Ca(y) = Ca(yz) =
Ca(z). This shows that Ky < Cg(y) and hence, 1 # y € Cq(Kp). Thus O (Ca(Kp)) # 1
and hence, O;(G) # 1. So Step 3 shows that {q,t} = {2, 3}, which is a contradiction to our
assumption. This yields that (q,t) € {(2,3),(3,2),(7,2),(8,3),(4,5)}, as wanted. [J

Step 6. If Ky # {1} and there exists t € m(G) such that O;(G) # {1}, then n > 9,
{¢,s} ={2,3} andt =porn>38,s=p, (q,t) € {(2,3),(3,2),(7,2),(8,3),(4,5)}, n is not
prime and ¢+ 11 n.

Proof. Tt follows immediately from Steps 3 and 5. U
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In the following, let n > 8 and, if ¢ € {3,7}, fix 7 = {2,p}, if ¢ € {2,8}, fix 7 = {2,3}
and if ¢ = 4, fix 7 = {2,5}. Otherwise, fix 7 = {p}. Let K be a maximal normal m-subgroup
of G. Also, let G = G/K, let M = M/K be a minimal normal subgroup of G' and for every

x € G, let  be the image of z in G.

Step 7. M is not abelian.

Proof. On the contrary suppose that M is u-elementary abelian for some u € 7(G). So u & 7.
If O:(G) =1, Ox(G) = Op(G) or {g,s} = {2,3} and O(G) = O4(G), then Steps 3 and 6
complete the proof. So let |7| > 2. Therefore, n > 8,

(¢;m) € {(3,{2,3}),(2,{2,3}), (7:{2,,7}), (8,{2,3}), (4, {2,5})} (8)

and u € 7. If 1 # w, € M N Cgx(Zy), then we can assume that w,, is a u-element of Ci(zy,).
Therefore, Lemma 2.14(ii) shows that there exist a divisor 1 # m of n and a divisor 5 of
ged(m, ¢ + 1) such that |clg(wy)| = %, where € = sgn((—1)"). Thus since wy, is
a u-element, u & 7 and M is an abelian u-group, Lemma 2.4(iv,vi) and the same reasoning

given for (3) yield that

IN

el ()| < |M] 9)

|Ce(Wn)|u = [Ca(wy)|u-

el (wn) |

IN

On the other hand, Lemmas 2.14 and 2.20(v) imply that if uw € {r,,r,—1}, then |G|, =

. _ |Gla |PSUn(q)]ulBlulGLS, /(47|
|PSUy(q)|u and otherwise, |Ca(wy)|y = oo < ES mE I , because by

Lemma 2.20(v), |G|u < (|[PSU,(q)|«)?. Thus considering (9) and the different values of n, m,

q and 7 forces ¢ = 2, m = {2,3}, n = 8, m = 2 and u = 5. Applying the same argument
as that used in the proof of Lemma 2.21 allows us to assume that MCg(z,) < Cg(w,),

where S € Syl;(G) and Cg(z,) € Syls(Ca(zy)). So rg = 17 | ‘CA‘[% —1=5%=1 and

50 < [Calin)ls _ ldg(@n)ls < 5%, Thus a = 0 and hence M < Cg(%,). This shows that |M]| <

= 1Cs@n)ls — lelg(wn)ls

|PSUg(2)]5, which leads us to get a contradiction by using (9). Therefore, M NCg(Z,) = {1}.
Now let r € m — {p} and K, € Syl.(K). If y € K, N Cg(zy), then Lemma 2.14(ii) shows

that there exist a divisor 1 # m; of n and a divisor 5 of ged(mi,q + 1) such that |clg(y)| =

|GUn(q)| |GUn(9)l,
BIGL;, . (@"1)] 1Bl GLY, (@)1

n/mq n/m

|G|, which is impossible by considering (8) and the different values of n, m and r. Thus

, where € = sgn((—1)""). Lemma 2.3(i) shows that

<|K| <

K, NCg(xzy) = {1}. On the other hand, Lemma 2.3(ii) guarantees the existence of a u-Sylow
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subgroup M, of M such that M, < Ng(K,) and z,, € Ng(M,K,). Since M NCx(Z,) = {1},
we get that M, N Cg(zy) = {1}. Thus (x,) acts fixed-point-freely on M, K, — {1}, so
M, K, is nilpotent. Therefore, K, < Ng(M,). Also, the Frattini argument shows that G =
MN¢g(M,) = KMyNg(M,) = KNg(M,) = K, K, Ng(M,) = K,Ng(M,), so [G : Nag(M,)]
is a p-number and hence, for every 1 # z € M,

lcla(2))|[Ca(2) : Cng(ar,)(2)]
G : Ng(M,,)]

= lelngar) (2)] < [Mu| = [M |y < |clg(2n)|u-

This gives that |[clg(2)|y < [PSUn(q)|u, which is contradiction to Lemma 2.17(iii). This shows
that M is non-abelian.

By Step 7, M is not abelian. Thus M = P; x ... x P,,, where P;s are non-abelian isomor-
phic simple groups.
Step 8. r,_1 € 77(]\7[) In particular, M contains an r,_i-element, say Z,_i. Also, if n
is prime, then r, € (M) and M contains an r,-element, say Z,,.
Proof. [6, Step 5] On the contrary suppose that r, 1 € 7(M). Obviously, there exists
1 < j < m such that Pf”’l = P;. Let j # 1. Thus we can assume that {P,---, P, _,}is an
Tn—1-orbit. Fix g; € P; such that g; is an arbitrary element in P and if 1 < ¢ < r,_1 — 1,
then giy1 = go" ' and otherwise, g; = K. Hence § = [[, 3 € Ca(Zn_1). Thus Ca(Zn_1)
contains a subgroup H isomorphic to Pj, so Lemma 2.20(vii) forces P; to be nilpotent, which
is a contradiction. Therefore, j = 1 and hence, Z,,—1 € Nz(P1) and Z,,—1 € Cx(Py1). Thus we
can assume that z,_1 € Aut(Py). So r,—1 | [Out(P1)] and 7,1 1 |P1]|. We thus get that P; is
a non-abelian simple group of Lie type and the r,_1-Sylow subgroups of Aut(P;) are isomor-
phic to (¢), where ¢ is a field automorphism of P;. Thus Lemma 2.16(i) forces Cp, (¢) to be
nilpotent, which is a contradiction. This shows that r, 1 € (M) and hence, M contains an
rp—1-element, say T,_1.

If n is prime, then the same reasoning as above shows that 7, € 7(M) and Z,, € M. O
Step 9. M is a simple group, Cs(M) =1 and M <G < Aut(M).
Proof. [6, Step 6] We first show that m = 1. If not, then we can assume that z,_1 € P,
so C@(ZTp—1) contains a subgroup H isomorphic to P; and hence, Lemma 2.20(vii) forces
P; to be nilpotent, which is a contradiction. Therefore, m = 1 and hence, M is a simple

group. Since Z,—1 € M, Ca(M) < Cg(Zp—1). Thus Lemma 2.16(i) yields that Cq(M)
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is a normal and nilpotent subgroup of G. So Step 7 forces Cq(M) = 1. We thus get

M<G = ]C\'[gé ; < Aut(M), as desired. O

Step 10. M is a simple group of Lie type in characteristic p.

Proof. By Step 9, M is a simple group. The classification of finite simple groups shows that

one of the following cases occurs:

(i) If M is a sporadic simple group, then |Out(M)| divides 2 and hence, 7(M) U 7 =
7(PSUL(q)). So |G|, = |M]|,, and |G|.,_, = |M]|,,_,. Therefore, Z,,Z, 1 € M. Lemma

2.20(vi) now leads to |m’” | |Ca(Zy,)| and either |ﬁ|ﬂ | |[Ca(Zpn—1)| or

(g,m) € {(3,3),(2,4)}, which is impossible by considering the sporadic simple groups.

~

(ii) If M = Alt,, the alternating group of degree u, then |Out(M)| is a 2-number, so
Tn,tn—1 € w(M). First let (n,q) # (4,2),(3,3),(3,4). Since n > 3, 7(n) | r, — 1 and
7(n—1) | rpe1 — 1, w > 7. So Aut(M) is isomorphic to the symmetric group of degree
u, Symy. Therefore, G € {Alt,, Sym,}, by Step 9. Without loss of generality, we can as-
sume that , 1 = (1---7,_1), a cyclic permutation of length 7, 1. Thus if G = Alt,, then

Ca(Tp_1) = Alty_y,_, X Zy,_, and if G = Sym,,, then Cx(Zp_1) = Sym,, X 7

S From

Tn—1°

Lemma 2.20(vii), C5(Zn—1) is nilpotent. Thus either G = Alt, and u—r,—1 < 3 or G = Sym,,

and u —r,_1 < 2, so

|C@(fn_1)’ S {Tn_l, 2rn_1, 3Tn_1}. (10)
On the other hand, Lemma 2.20(vi) implies that |(qgcld(7§,—q}|—;)‘tl divides |C(Zn—1)|, where

either t = 1 or n > 8 and (q,t) € {(2,3),(3,2),(4,5),(8,3),(7,2)}. Since n(M)U 7 =

m(PSU,(q)) and (n,q) # (3,4), we can see that n — 1 is an odd prime and (q+1)(§:c;(;t11),q+1) =

("~ D) +(g+1)

rn—1. If ged(n — 1, + 1) = 1, then there exists a prime r such that BT (rn—1+
1 _
1)/2<r<rp1= (q(q+$1), by [13, Lemma 1]. On the other hand, r € 7(M) C w(PSU,(q))

and hence there exists 1 < m < n such that m # n — 1 and r € Z,,(—¢). This forces
(n,q) = (4,3) and hence K = {1}, r,—1 = 7 and 7 < u < 10. But |[PSU4(3)| does not
divide |Alt,| and |Sym,|, which is a contradiction, because G = Alt, or Sym,. Now let
ged(n — 1,9+ 1) # 1. Since n — 1 is prime, ged(n —1,¢+ 1) =n — 1. Also, ged(n —1,¢+ 1)
and ﬁ,ql—&-l) divide W Thus (10) shows that n — 1 € {1,2,3,5} and hence, we can

check that n = 4. So K = {1}, by Step 3 and s = 1. Therefore, G = Alt,, or Sym,. Also,

(10) forces ﬁéﬂ) € {1,2,3}. This shows that ¢ € {5,11}. If ¢ =5, then r,,_; =7 < u <
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10 = rp—1 + 3. But |PSU4(5)| does not divide |Alt,| or |Sym,,|, where 7 < u < 10, which
is impossible. Moreover, if ¢ = 11, then r,_1 = 37. Thus 7(Alts7) C 7(G) = 7(PSU4(11)),
which is a contradiction. Now let (¢,n) = (2,4) and |m] = 5. Step 3 shows that
K = {1} and by the above statements, r,—1 =5 < u < 8 = r,—1 + 3. On the other hand,
|PSU4(2)| = |G| = |Alty| or |Sym,|, by Remark 2.18, which is a contradiction. The same
reasoning rules out the case (n,q) = (3,3) and (3,4).

(iii) Let M be a simple group of Lie type in characteristic ¢, where t € w(M). On the contrary,
suppose that ¢ # p. By [18], there exists u € 7(M) — {t} such that M does not contain any
element of order tu and hence, there exists a u-element w € M such that |cly; (0)|; = |M]:.
But |cly; (w)| divides |cly(w)| and |elps(w)| divides |clg(w)|. Thus |M|; divides |PSU,(q)|:-
Since Z,,—1 € M < G, |elg(Zn—1)| < |M|. Considering the order of finite simple groups of Lie
type in characteristic ¢ shows that |M| < (|M];)3. Since KCg(z,—1) < G, we deduce that
|K/Cx(2n-1)|p divides |clg(zn_1)], = p*" " D*/2. On the other hand, Lemma 2.4(v) gives
that if |K/Ck(xp—1)|p =7, then 7(n — 1)k | 7. Thus if 7(n — 1) = 2(n — 1) and 7(n) = n/2,
then ¢" ! | [G : KCg(zn-1)] = |clg(Zpn-1)| and if 7(n — 1) = (n — 1) and 7(n) = 2n, then
¢ V2 [G: KCg(xy-1)] = |cla(Zn_1)|. Therefore,

¢'lel(@n—1)lx < [M| < (|M]:)* < (IPSU(q)])?, (11)

whereif r(n—1) =2(n—1),7(n) =n/2andpenm,i=n—1,if r(n—1) = (n—1), 7(n) =2n
and p € 7,7 = (n—1)/2 and otherwise, ¢ = 0. Thus considering (11), the conditions obtained
in Steps 3, 6, Lemma 2.16(i) and the order of finite simple groups of Lie type in characteristic
t force

A. O:(G) = Op(G) and (n,q,t) € {(10,2,3),(9,3,2),(4,2,3),(4,3,2),(6,4,5) : j € {6,8}} —
{(8,3,2),(6,2,3)}

or

B. 0,(G) =1 and
(n,q,t) € {(5,2,3), (5,3,2),(4,8,3), (4,7,2), (4,2,3), (4,3,2), (3,3,2), (3,4,5), (3,7,2), (3,8,3)}

or

C. ps | |0:(G)| = |K| and
(n,q,s,t) =(8,2,3,43).
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If O(G) = Oy(G) and (n,q,t) = (8,2,3), then 43 = r,_1 € ©(M) C n(PSU,(q)) C
{2,3,5,7,11,17,43}, which is impossible by considering [20, Table 1]. The same reasoning
rules out the case when O, (G) = O,(G) and (n, ¢,t) € {(10,2,3), (6,4,5),(6,3,2)} or Ox(G) =
{1} and (n,q.t) € {(5,2.3),(5,3,2),(4,8,3),(4,7,2), (4,2,3),(3,4,5), (3,7,2), (3,8,3)}. If
O:(G) = Oy(G) and (n,q,t) = (9,3,2), then since |[M|s < |G| < (|PSUy(3)[2)? = 2%6
and M < G < Aut(M), we can see that 547 = 77(—3) € m(M). Therefore, there exists
1 < m < 2.46 such that 547 € Z,,(2), which is a contradiction, because exps,;(2) > 2.46.
If O;(G) = {1} and (n,q,t) = (4,3,2), then Remark 2.18 and, Steps 8 and 9 show that
|G| = |PSU4(3)| =27.36.5.7, T=r3 € (M) and M < G = G < Aut(M), which is impossible
by considering [20, Table 1].

Now let ps | |O-(G)| = |K| and (n,q,s,t) = (8,2,3,43). Then 43 = r; € 7(M) C n(G) =
m(PSU,(q)) € {2,3,5,7,11,17,43} and by Lemma 2.14, |G|43 = |PSU,(q)|43. Therefore, [20,
Table 1] forces M = PSLy(43), so 5 € (K) Um(Out(M)) = 7(Oy2,33(G)) Un(Zs), which is a
contradiction.

{2,3,7}, so [20, Table 1] shows that M = PSL3(2) or PSLy(8) and hence, since M <G <
Aut(M), 2,3 € 7(Out(M)) = m(Zs) or m(Z3), which is impossible.

This shows that M is a finite simple group of Lie type in characteristic p, as wanted. O
Step 11. M is isomorphic to PSU,(q).

Proof. For a finite group H, fix ¢(H) = max{exp,(p) : v € n(H) — {p}} and ¢¥(H) =
max{exp,(p) : u € m(H) — (Zym)(p) U {p})}-

We claim that r,, € m(M). On the contradiction, suppose that r,, & w(M). Since 7, 1 |K],
M <G < Aut(M) and M is a simple group of Lie type over a field with p® elements, by Steps 9
and 10, we conclude that r,, | e. If n is odd, then ¢(G) = 7(n)k and since 7(n)k = 2nk | r,—1,
we get from considering the order of finite simple groups of Lie type over a field with p°©

elements that 7(M) contains a prime divisor u such that exp,(p) > e > r, > 7(n)k = ¢(G),
which is a contradiction. Now let n be even. Since by Step 8, 7,1 € 7(M), we have
¢©(G) = ¢(M) = 7(n—1)k and hence, considering the order of finite simple groups of Lie type
over a field with p® elements shows that e | 7(n — 1)k = 2(n — 1)k. Thus r,, | (n — 1)k. On

the other hand, 7(n)k | r, — 1 and r,, — 1 is even, so nk | r, — 1. This yields nk < (n— 1)k, a
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contradiction. Therefore, r, € (M), as wanted. Thus

_ T(n)k, if either n is odd or (n,q) = (4,2)
P(G) = p(M) = : (12)
T(n — 1)k, otherwise
If (n,q) = (4,2), let » = 3, if (n,q) € {(5,2),(6,2)}, let » = 5, if n > 6 is even, let r €

Zon-3)k(p), if n < 6 is even and (n,q) # (4,2),(6,2), let r € Z,,(p) and if n is odd and

(n,q) # (5,2), let 7 € Zyn_o)r(p). If r = 2, then obviously r € w(M). Now let r be odd.

By Tables 1 and 2, there exists a natural number m such that ¢(M) = me and hence, if
(n,q) # (4,2),(3,3),(5,2),(6,2), then we can conclude from (12) that r t e, so repeating
the above argument shows that r € m(M). Also, if (n,q) = (4,2), then |PSU4(2)| | |G|
and 7(G) = w(PSU4(2)), so since by Steps 3 and 9, K = {1} and M < G < Aut(M),
we get from [14] that M = M = PSU4(2), as wanted in this case. The same reasoning
shows that if (n,q) = (3,3), then M = M = PSU3(3). If (n,q) = (5,2), then by Step 8,
T=T4=Tr(no1)k € 7(M), as wanted. Finally if (n,q) = (6,2), then since n — 1 is prime and
g+ 1| n, we get that K = {1} and hence, M < G = G < Aut(M). But 7(G) = ©(PSUg(2))
and |PSUs(2)| | |G, so [20, Table 1] forces M = PSUg(2), as wanted. Thus we can assume

that (n,q) # (4,2),(3,3),(6,2) and r € w(M). Therefore, since n > 3, we see that

;

7(n —2)k, if n is odd and (n,q) # (5,2),(3,3)
! 1 if (n,q) = (5,2)
nk, if n <6 is even and (n,q) # (4,2), (6,2)

7(n — 3)k, if n > 6 is even

Since M is isomorphic to one of the simple groups mentioned in Tables 1 and 2, comparing the
above values for (M) and (M) and the values obtained in Tables 1 and 2, and considering
the fact that 7(M) C 7(G) = n(PSU,(q)) show that M = PSU,(q), as desired. (J

Step 12. K = {1}.
Proof. Since , € M, |cly(#,)| divides |clz(Z,)|. On the other hand, |cls(Z,)| divides
lclg(zy)| and |l (Z,)] = %. Thus since % is maximal in ¢s(G) by divisi-

bility, by Lemma 2.13(i), we get that |clg(zy)| = |cla(Zy)| and hence, Lemma 2.4(iv) forces
G G
\Cc‘:(zln)l = ‘KC|G(|%)|. Therefore, Cq(xn)K = Cg(zy), so K < Cg(zy). Thus N < Cg(zy,).
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2Dm (P%), Dyt (p®)

(m > 4) .
H . . A —1(p%) 2 A1 (p®), (m is 0dd)
Bm (p®), Cm(p°)
(m >2)
5, if (m,p®) = (6,2
4, 3 (m,p%) = (3,2) (o p) =62 2, if (m, p°) = (3,2)
@(H) 1, if (m,p®) = (2,2" - 1)
2me, otherwise 2me
me, otherwise
3, if (m,p®) = (3,2
(m.p") = (5,2) 4, if (m, p%) = (6,2) —, it (m,p®) = (3,2)
4, if (m,p®) = (4,2)
() i 5, if (m,p®) = (7,2) 1, if (m,p®) = (3,2% — 1)
, i
—, if (m,p®) = (2,2% — 1 4, if (m,p°) = (5,2
) — (2.2 1) (m,p®) = ( ) (m, ) = (5,2)
(m — 1)e, otherwise 2(m — 2)e, otherwise
2(m — 1)e, otherwise
H Eg(p©) E7(p°) Es(p®)
w(H) 12e 18e 30e
Y(H) e 14e 24e

Table ].: ¢(H) and (H), where H is a finite simple group of Lie type over a field with p® elements

2 Am—1(p%),

(m is even)

Fi(p®) | G2(»®) | 2Ee(p®)

3D4(q®) 2B2(2°)

2Fy(2¢)

2G5 (39)

(H)

4, if (m,p®) = (4,2)
1, if
(m,p®) =(2,2" — 1)

2(m — 1)e, otherwise

12e 6e 18e

12e 4e

12e

6e

$(H)

4, if (m,p®) = (6,2)
2, if (m,p®) = (4,2)
—, if
(m,p®) = (2,2% — 1)
me, if m <6, (m,p®) #
(2,2% — 1), (6,2), (4,2)

2(m — 3)e, otherwise

8e 3e 12e

6e, if p© # 2

3, otherwise

Ge

Ta.ble 2: ¢(H) and ¢ (H), where H is a finite simple group of Lie type over a field with p® elements
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On the other hand, obviously, N < Os(G). Thus for S € Syl (G), 1 # Z(S)N N < Cg(z,),
which is a contradiction with Lemma 2.20(i), because Step 3 shows that either s = p or
{q,s} = {2,3}. Therefore, K = {1}, as desired. O

Step 13. G = M = PSU,(q).

Proof. Since by Steps 9, 11 and 12, K = {1}, M <G < Aut(M) and M = PSU,(q), Theorem
2.25 shows that G = M = PSU,(q), as desired. O

The proof of the main theorem is complete.
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