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ABSTRACT
In this paper, we consider the third-order differential equation of the
quadratic products ofHermite functions andpresent the integral rep-
resentations of products of Hermite functions (Lebedev identities)
in terms of the confluent hypergeometric functions. Manipulating
the integrands of these identities with various integral representa-
tions lead us to get new representations for the products of Hermite
functions.
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1. Introduction

The Hermite functions Hν(z) and Hν(−z) of degree ν have a pivotal role in quan-
tum mechanics [1] and are considered as the two linear independent solutions of the
well-known differential equation [2, §10.2]

y′′ − 2zy′ + 2νy = 0, ν ∈ R, ν �= 0, 1, 2, . . . . (1.1)

Also, the Hermite functions can be expressed in terms of the parabolic cylinder functions

Dν(z) = 2− ν
2 e−

z2
4 Hν

(
z√
2

)
, (1.2)

and can be reduced to the Hermite polynomials for the case ν = n = 0, 1, 2, . . .. The estab-
lishing of integral representations for the products of parabolic cylinder functions have
been taken into considerations by some authors in the literature [3–9]. These representa-
tions for the products of the parabolic cylinder functions are the existing developments
and were mostly constructed as the Laplace transforms of some special functions such as
the confluent hypergeometric functions and the parabolic cylinder functions. As an inter-
esting remark in these representations, we can point out that the indices and arguments of
the products of parabolic cylinder functions were shown as the parameters of associated
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2 A. ANSARI AND H. ASKARI

Laplace transforms. In this paper, in view of the integral representation of Hν(z) [2]

Hν(z) = 1
�(−ν)

∫ ∞

0
e−t2−2tz dt

tν+1 , �(ν) < 0, | arg(z)| < π , (1.3)

we intend to find new integral representations for the quadratic products of Hermite func-
tions in terms of the confluent hypergeometric functions. For this purpose, we begin with
a third-order differential equation and apply the Laplace-type integral technique to present
the function H2

ν(z) by a Laplace integral representation. Using (1.3), we also establish the
associated double integrals and make the suitable transformations to get other represen-
tations for the products of Hermite functions. We focus on the differential equation (this
ODE is derived from [10, p. 512, 3.26])

y′′′ − 6zy′′ + (8z2 + 8ν − 2)y′ − 16νzy = 0, �(ν) < 0, | arg(z)| < π , (1.4)

with the general solution

y = c1H2
ν(z) + c2Hν(z)Hν(−z) + c3H2

ν(−z), (1.5)

and seek for the integral representations for the three linear independent solutions in
Section 2. In [2], for the first time, Lebedev showed a representation forH2

ν(z) andwe follow
this way to obtain other identities similar to it. We get three integral representations for the
products of the Hermite functions and we call them as the ‘Lebedev identities’. Later, Nasri
represented these identities via the operational calculus of Laplace transforms for the prod-
ucts of parabolic cylinder functions [9]. In Section 3, we use a simple technique [11–13]
andmanipulate the integrands of theses identities with various integral representations and
derive new representations for the products of Hermite functions. The Laplace transform
is the complementary tool to give an indicative direct for our approach and establish-
ing integral representations in terms of the parabolic cylinder and the hypergeometric
functions.

2. The Lebedev identities

2.1. The Laplace integral

In this section, we consider the Laplace-type integral and substitute the function y into the
differential equation (1.4)

y(z) =
∫

L
e−tzs(t) dt, (2.1)

whereL is the Laplace contour which should be determined.We get the following relations
for obtaining the function s(t) and the contour L⎧⎨

⎩
8ts′′(t) +

(
6t2 + 16ν + 16

)
s′(t) +

(
t3 + (10 + 8ν)t

)
s(t) = 0,[(

4ts′(t) + (
4zt + 3t2 + 4 + 8ν

)
s(t)

)
e−tz

]
L

= 0.
(2.2)

We solve the second-order differential equation in (2.2) and get the general solution in
terms of the confluent hypergeometric functions of first and second kinds

s(t) = c1 e−
1
4 t

2
�

(
1
2
,
3
2

+ ν;
1
8
t2
)

+ c2 e−
1
4 t

2
�

(
1
2
,
3
2

+ ν;
1
8
t2
)
, (2.3)
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where the functions � and � are presented by Lebedev [2, Chapter 9]

�(α, γ ; z) = �(γ )

�(α)�(γ − α)

∫ 1

0
ezξ ξα−1(1 − ξ)γ−α−1 dξ , �(γ ) > �(α) > 0, (2.4)

=
∞∑
k=0

(α)k

(γ )k

zk

k!
, |z| < ∞, γ �= 0,−1,−2, . . . , (2.5)

�(α, γ ; z) = 1
�(α)

∫ ∞

0
e−zξ ξα−1(1 + ξ)γ−α−1 dξ , �(α) > 0, �(z) > 0, (2.6)

= �(1 − γ )

�(1 + α − γ )
�(α, γ ; z) + �(γ − 1)

�(α)
z1−γ �(1 + α − γ , 2 − γ ; z),

|z| < ∞, γ �= 0,±1,±2, . . . , (2.7)

and (.)k is the Pochhammer symbol. We now consider the representation of function �

in (2.6) to represent the desired solution (2.3) in the following form

y(z) = c′1
∫

L
e−t2−2zt�

(
1
2
,
3
2

+ ν;
1
2
t2
)
dt

+ c′2
∫

L
e−t2−2ztt−2ν−1�

(
−ν,

1
2

− ν;
1
2
t2
)
dt. (2.8)

We choose the contourL such that the second identity in (2.2) holds. Setting t = ρ eiθ , we
see that the identity (2.8) is identically zero for any contour L inside the region |θ | < π

4 .
In this sense, we consider L = (0,∞) and get the integral representation for the quadratic
product of Hermite functions as

H2
ν(z) = c′2

∫ ∞

0
e−t2−2ztt−2ν−1�

(
−ν,

1
2

− ν;
1
2
t2
)
dt. (2.9)

In order to determine the coefficient c′2, we can replace the confluent hypergeometric
function in (2.9) by the leading term of its asymptotic expansion. Then, we apply the
saddle-point method to get a new asymptotic expansion and compare with the asymptotic
expansion of H2

ν(z). Finally, we get the coefficient c′2 = 1
�(−2ν)

and give

H2
ν(z) = 1

�(−2ν)

∫ ∞

0
e−t2−2ztt−2ν−1�

(
−ν,

1
2

− ν;
1
2
t2
)
dt, �(ν) < 0, | arg(z)|<π .

(2.10)

We call the above integral as the first Lebedev identitywhich confirms the result of Lebedev
in [2, p. 298, Problem 4].

2.2. Transformations in double integrals

In view of the Lebedev approach for establishing the first identity, we follow his proposition
for constructing the double integral

H2
ν(z) = 1

�2(−ν)

∫ ∞

0

∫ ∞

0
e−t2−s2−2(t+s)z dt ds

(st)ν+1 , �(ν) < 0, (2.11)
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and set s+ t = u and t
s = w to get

H2
ν(z) = 1

�2(−ν)

∫ ∞

0
e−u2−2zuu−2ν−1 du

∫ ∞

0
e

2u2w
(1+w)2 w−ν−1(1 + w)2ν dw, �(ν) < 0.

(2.12)

Here, we change the variables w = tan2(θ) and rewrite the inner integral of (2.12) as

I1 =
∫ ∞

0
e

2u2w
(1+w)2 w−ν−1(1 + w)2ν dw

= 22ν+2
∫ π

2

0
e
1
2u

2 sin2(2θ) sin−2ν−1(2θ) dθ

= 22ν+3
∫ π

4

0
e
1
2u

2 sin2(2θ) sin−2ν−1(2θ) dθ . (2.13)

We employ the integral representation (2.4) to get the integral I1 in the following form
(after the suitable transformation)

I1 = 22ν+1√π
�(−ν)

�
( 1
2 − ν

)�(
−ν,

1
2

− ν;
1
2
u2
)
. (2.14)

The first Lebedev identity is consequently derived after applying the Legendre duplication
formula for the gamma functions. By the same procedure, we consider the following double
integral

Hν(z)Hν(−z) = 1
�2(−ν)

∫ ∞

0

∫ ∞

0
e−t2−s2−2(s−t)z dt ds

(st)ν+1 , �(ν) < 0, (2.15)

with the change of variables s − t = u, ts = w to get

Hν(z)Hν(−z) = 1
�2(−ν)

∫ ∞

−∞
e−u2−2zuu−2ν−2|u| du

×
∫ ∞

0
e−

2u2w
(1−w)2 w−ν−1(1 − w)2ν dw, �(ν) < 0. (2.16)

At this point, we take into account the inner integral as

I2 =
∫ ∞

0
e−

2u2w
(1−w)2 w−ν−1(1 − w)2ν dw =

[∫ 1

0
+
∫ ∞

1

]
e−

2u2w
(1−w)2 w−ν−1(1 − w)2ν dw,

(2.17)

and set the variables w = tanh2(θ) and w = coth2(θ) for the first and second integrals
of (2.17), respectively. Therefore, we have

I2 =
∫ ∞

0
e−

2u2w
(1−w)2 w−ν−1(1 − w)2ν dw

= 22ν+2
∫ ∞

−∞
e−

1
2u

2 sinh2(2θ) sinh−2ν−1(2θ) dθ



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS 5

= 22ν+3
∫ ∞

0
e−

1
2u

2 sinh2(2θ)[sinh2(2θ)]−ν− 1
2 dθ . (2.18)

We apply the change of variables sinh2(2θ) = ξ and employ the integral representa-
tion (2.6) to obtain

I2 = 22ν+1�(−ν)�

(
−ν,

1
2

− ν;
1
2
u2
)
. (2.19)

We finally get the second Lebedev identity as follows:

Hν(z)Hν(−z) = 22ν

�(−ν)

∫ ∞

−∞
e−u2−2zu|u|−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du

= 22ν+1

�(−ν)

∫ ∞

0
e−u2 cosh(2zu)u−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du,

�(ν) < 0, | arg(z)| < π , (2.20)

or equivalently

Hν(z)Hν(−z) = I− + I+

= 22ν

�(−ν)

∫ ∞

0
e−u2−2zuu−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du

+ 22ν

�(−ν)

∫ ∞

0
e−u2+2zuu−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du. (2.21)

Moreover, from the first identity, we can simply get the following integral representation
as the third Lebedev identity for H2

ν(−z)

H2
ν(−z) = 1

�(−2ν)

∫ ∞

0
e−t2+2ztt−2ν−1�

(
−ν,

1
2

− ν;
1
2
t2
)
dt, �(ν) < 0. (2.22)

Remark 2.1: We mention that the first integral of (2.21) is interpreted by the alternative
integral representations in the next section. For the second integral of (2.21), we take into
account

�

(
−ν,

1
2

− ν;
1
2
u2
)

= �
( 1
2 + ν

)
�
( 1
2
) �

(
−ν,

1
2

− ν;
1
2
u2
)

+ �
(− 1

2 − ν
)

�(−ν)

1

2
1
2+ν

u1+2ν�

(
1
2
,
3
2

+ ν;
1
2
u2
)
, ν �= −1

2
,−3

2
,−5

2
, . . . , (2.23)

and reconsider the following representation for I+ as follows:

I+ = 22ν

�(−ν)

∫ ∞

0
e−u2+2zuu−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du

= 22ν√
π

�
( 1
2 + ν

)
�(−ν)

∫ ∞

0
e−u2+2zuu−2ν−1�

(
−ν,

1
2

− ν;
1
2
u2
)
du
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+ 2ν− 1
2
�
(− 1

2 − ν
)

�2(−ν)

∫ ∞

0
e−u2+2zu�

(
1
2
,
3
2

+ ν;
1
2
u2
)
du. (2.24)

In view of the integral representation (2.4) for the function �

�

(
1
2
,
3
2

+ ν;
1
2
u2
)

= �
( 3
2 + ν

)
√

π�(1 + ν)

∫ 1

0
e
1
2u

2ξ ξ− 1
2 (1 − ξ)ν dξ , −1 < �(ν) < 0,

(2.25)

the second integral is presented in the following form:

2ν− 1
2
�
(− 1

2 − ν
)

�2(−ν)

∫ ∞

0
e−u2+2zu�

(
1
2
,
3
2

+ ν;
1
2
u2
)
du

= 2ν− 1
2√

π

�
(− 1

2 − ν
)

�2(−ν)

�
( 3
2 + ν

)
�(1 + ν)

∫ 1

0
ξ− 1

2 (1 − ξ)ν dξ

×
∫ ∞

0
e−(1− ξ

2 )u2+2zu du. (2.26)

We now use the following identity

∫ ∞

0
e−(1− ξ

2 )u2+2zu du = 1
2

√
π

1 − ξ
2

e
z2

1− ξ
2 Erfc

⎛
⎝ −z√

1 − ξ
2

⎞
⎠ , (2.27)

in terms of the complementary error function

Erfc(z) = 2√
π

∫ ∞

z
e−τ 2 dτ , (2.28)

and for −1 < �(ν) < 0 and �(ν) �= − 1
2 , we show

I+ = 22ν√
π

�
( 1
2 + ν

)
�(−ν)

�(−2ν)H2
ν(−z)

+ 2ν− 3
2
�
(− 1

2 − ν
)
�
( 3
2 + ν

)
�2(−ν)�(1 + ν)

∫ 1

0

√
1

1 − ξ
2

e
z2

1− ξ
2 Erfc

⎛
⎝ −z√

1 − ξ
2

⎞
⎠ ξ− 1

2 (1 − ξ)ν dξ .

(2.29)

We also note that the following representation holds for I+

I+ = 22ν√
π

�
( 1
2 + ν

)
�(−ν)

�(−2ν)H2
ν(−z)

+ 2ν− 1
2
�
(− 1

2 − ν
)

�2(−ν)

∫ ∞

0
e−u2+2zu�

(
1
2
,
3
2

+ ν;
1
2
u2
)
du, (2.30)

where �(ν) < 0, ν �= − 1
2 ,− 3

2 ,− 5
2 , . . . .
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3. The integral representations

3.1. The integral representations for first identity

In this section, we consider the integral representation (2.10) in the equivalent form

H2
ν(z) = 1

2�(−2ν)

∫ ∞

0
e−t−2z

√
tt−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt,

�(ν) < 0, | arg(z)| < π , (3.1)

and derive some new integral representations for the products of Hermite functions.

Theorem3.1: For | arg(z)| < π ,| arg(ζ )| < π and | arg(z + ζ )| < π , the following integral
representation holds for the product of Hermite functions

Hν(z)Hμ(ζ )= �(−ν−μ)

�(−ν)�(−μ)

∫ π
2

0
Hν+μ

(
cos(θ)z+ sin(θ)ζ

)
cos−ν−1(θ) sin−μ−1(θ) dθ ,

(3.2)

where �(ν + μ) < 0.

Proof: Wemultiply the relation (1.3) by itself and construct a double integral as follows

Hν(z)Hμ(ζ ) = 1
�(−ν)�(−μ)

∫ ∞

0

∫ ∞

0
e−(t2+s2)−2tz−2sζ 1

tν+1sμ+1 dt ds,

�(ν) < 0, �(μ) < 0. (3.3)

We transform to the polar coordinates by setting t = r cos(θ) and s = r sin(θ) and
use (1.3), once again, to get the result. �

Corollary 3.2: Setting ν = μ in (3.2), multiplying the changed relation (3.2) by itself, and
iterating this relation once again, we get an identity for the quartic product of Hermite
functions as

H4
ν(z) = �2(−2ν)

�4(−ν)

∫ π
2

0

∫ π
2

0
H2ν

(
cos(θ1)z + sin(θ1)z

)
H2ν

(
cos(θ2)z + sin(θ2)z

)
× cos−ν−1(θ1) sin−μ−1(θ1) cos−ν−1(θ2) sin−μ−1(θ2) dθ1 dθ2,

= �(−4ν)

�4(−ν)

∫ π
2

0

∫ π
2

0

∫ π
2

0
H4ν

(
z cos(θ3)

(
cos(θ1) + sin(θ1)

)
+ z sin(θ3)

(
cos(θ2) + sin(θ2)

))
�3

j=1[cos
−ν−1(θj) sin−μ−1(θj)] dθ1 dθ2 dθ3.

(3.4)

This representation can be extended for the product H2n
ν (z) by the (2n − 1)-dimensional

integral in terms of the function H2nν(z).
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Theorem3.3: For | arg(z)| < π
2 and�(ν) < − 1

2 , the following integral representation holds
for the product of Hermite functions

H2
ν(z) = 2ν− 1

2√
π�(−2ν)

∫ ∞

0

ξν

ξ+12
F1
(

−ν, 1;
1
2

− ν,
1

2(ξ+1)

)
e−

4z2
8ξ D−2ν−1

(
2z√
2ξ

)
dξ ,

(3.5)

where D−2ν−1 is the parabolic cylinder function and 2F1 is the hypergeometric function given
by

2F1(a, b; c; z) =
∞∑
k=0

(a)n(b)k
(c)k

zk

k!
. (3.6)

Proof: At first, we consider the following representation for the integrand of (3.1),
[14, p. 52, 2.2.1(10)]

e−2z
√
tt−ν−1 = 1

2−ν− 1
2
√

π

∫ ∞

0
e−ξ tξν e−

4z2
8ξ D−2ν−1

(
2z√
2ξ

)
dξ , �(z2) > 0, (3.7)

and rewrite (3.1) as

H2
ν(z) = 23ν+ 1

2

�(−ν)�
( 1
2 − ν

) ∫ ∞

0
ξν e−

4z2
8ξ D−2ν−1

(
2z√
2ξ

)
dξ

×
∫ ∞

0
e−t(ξ+1)�

(
−ν,

1
2

− ν;
1
2
t
)
dt, �(ν) < −1

2
. (3.8)

The condition�(ν) < − 1
2 is applied for employing the Fubini’s theorem and convergence

of the outer integral. We now evaluate the inner integral of (3.8) as the Laplace transform
of �, [15, p. 510, 3.35.1(1)]∫ ∞

0
e−t(ξ+1)�

(
−ν,

1
2

− ν;
1
2
t
)
dt = 1

ξ + 12
F1
(

−ν, 1;
1
2

− ν,
1

2(ξ + 1)

)
, (3.9)

and get the result. �

Theorem 3.4: For | arg(z)| < π and �(ν) < 0, the following integral representation holds
for the product of Hermite functions

H2
ν(z) = �

( 1
2 − ν

)
2ν+ 1

2
√

π�(−ν)

∫ 1

1
2

(
ξ − 1

2

)− 1
2
(1 − ξ)−ν−1ξνH2ν

(
z√
ξ

)
dξ , �(ν) < 0.

(3.10)

Proof: We consider the following representation for the integrand of (3.1), [14, p. 346,
3.33.2(1)]

e−t�

(
−ν,

1
2

− ν;
1
2
t
)

= �
( 1
2 − ν

)
2ν+ 1

2
√

π�(−ν)

∫ 1

1
2

e−ξ t
(

ξ − 1
2

)− 1
2
(1 − ξ)−ν−1 dξ ,

(3.11)
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and we arrive at

H2
ν(z) = 1

�2(−ν)

∫ 1

1
2

(
ξ − 1

2

)− 1
2
(1 − ξ)−ν−1 dξ

∫ ∞

0
e−tξ−2z

√
tt−ν−1 dt, �(ν) < 0.

(3.12)

We now recall the inner integral of (3.12) as the definition of H2ν∫ ∞

0
e−tξ−2z

√
tt−ν−1 dt = 2�(−2ν)ξνH2ν

(
z√
ξ

)
, (3.13)

and get the desired result. �

Theorem 3.5: For | arg(z)| < π
2 and �(ν) < 0, the following integral representation holds

for the product of Hermite functions

H2
ν(z) = �(−ν)

2�(−2ν)

∫ ∞

1

zξν√
π(ξ − 1)3

e−
z2

ξ−1 2F1
(

−ν,−ν;
1
2

− ν,
1
2ξ

)
dξ . (3.14)

Proof: We take into account the following representation for the integrand of (3.1), [14,
p. 52, 2.2.1(9)]

e−t−2z
√
t =

∫ ∞

1
e−ξ t z√

π(ξ − 1)3
e−

z2
ξ−1 dξ , �(z2) > 0, (3.15)

and present the relation (3.1) to

H2
ν(z) = 1

2�(−2ν)

∫ ∞

1

z√
π(ξ − 1)3

e−
z2

ξ−1 dξ

×
∫ ∞

0
e−tξ t−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt, �(ν) < 0. (3.16)

We now evaluate the inner integral of (3.16) as the Mellin transform of e−tξ�, [15, p. 510,
3.35.1(2)]∫ ∞

0
e−tξ t−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt = �(−ν)

ξ−ν 2F1
(

−ν,−ν;
1
2

− ν,
1
2ξ

)
, (3.17)

and get the result. �

Theorem 3.6: For | arg(z)| < π and �(ν) < 0, the following series representation holds for
the product of Hermite functions

H2
ν(z) = 21+2ν

�(−ν)

∞∑
k=0

(
−1
2

)k �
(
k + 1

2
)
�(2k − 2ν)

k!�
(
k − ν

2 + 1
2
) H2ν−2k(

√
2z). (3.18)
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Proof: We use the following representation for the integrand of (3.1) in terms of the Bessel
function of first kind, [2, p. 278, Problem 12]

�

(
−ν,

1
2

− ν;
1
2
t2
)

= �
( 1
2 − ν

)
�
( 1
2
) 1

2
1
4+ ν

2
e
1
2 t

2
t
1
2+ν

∫ ∞

0
e−ξ ξ

ν
2− 1

4 J−ν− 1
2
(t
√
2ξ) dξ ,

(3.19)

and incorporate into (3.1) to get

H2
ν(z) = 2

3
4+ 3

2 ν

�(−ν)

∫ ∞

0
e−

1
2 t

2−2ztt−ν− 1
2 J−ν− 1

2
(t
√
2ξ)

∫ ∞

0
e−ξ ξ

ν
2− 1

4 dξ dt, �(ν) < 0.

(3.20)

We expand the Bessel function

Jν(ξ) =
∞∑
k=0

(−1)kξ 2k+ν

22k+νk!�(ν + k + 1)
, (3.21)

into the power series to show

H2
ν(z) = �

( 1
2 − ν

)
�(−2ν)�

( 1
2
) ∞∑
k=0

(−1)k2−k

k!�
(
k − ν

2 + 1
2
) ∫ ∞

0
e−

1
2 t

2−2ztt2k−2ν−1 dt

×
∫ ∞

0
e−ξ ξ k−

1
2 dξ dt, �(ν) < 0. (3.22)

We apply the relation (1.3) and employ the definition of gamma function for the above
integrals to obtain the result. �

3.2. The integral representations for second identity

Here, we consider the first integral of identity (2.21)

I− = 22ν−1

�(−ν)

∫ ∞

0
e−t−2z

√
tt−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt, �(ν) < 0, | arg(z)| < π ,

(3.23)

and state the following theorems to show various representations for the second Lebedev
identity (2.21). In all theorems, we incorporate the representation (2.29) for the integral
I+.

Theorem 3.7: For | arg(z)| < π
2 and −1 < �(ν) < − 1

2 , the following integral representa-
tion holds for the product of Hermite functions

Hν(z)Hν(−z) = 1
2π

�

(
1
2

+ ν

)
�

(
1
2

− ν

)
H2

ν(−z)

+ 2ν− 3
2
�
(− 1

2 − ν
)
�
( 3
2 + ν

)
�(1 + ν)�2(−ν)

∫ 1

0

√
1

1 − ξ
2

e
z2

1− ξ
2 Erfc

⎛
⎝ −z√

1 − ξ
2

⎞
⎠ ξ− 1

2 (1 − ξ)ν dξ
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+ 23ν+ 1
2

π

�
( 3
2 + ν

)
�(−ν)

∫ ∞

0

ξν

ξ + 12
F1

(
1,−ν;

3
2
,
ξ + 1

2
ξ + 1

)
e−

4z2
8ξ D−2ν−1

(
2z√
2ξ

)
dξ .

(3.24)

Proof: At first, we use the relation (3.7) for the inverse Laplace transform of e−2z
√
tt−ν−1

to represent (3.23) as

I− = 23ν− 1
2

�(−ν)

1√
π

∫ ∞

0
ξν e−

4z2
8ξ D−2ν−1

(
2z√
2ξ

)
dξ
∫ ∞

0
e−t(ξ+1)�

(
−ν,

1
2

− ν;
1
2
t
)
dt.

(3.25)

We now apply the restriction − 1
2 < �(ν) < 0 for using the Fubini’s theorem and evaluate

the inner integral of (3.25) as the Laplace transform of � [15, p. 518, 3.36.1(1)]

∫ ∞

0
e−t(ξ+1)�

(
−ν,

1
2

− ν;
1
2
t
)
dt = 1

ξ + 1
�
( 3
2 + ν

)
�
( 3
2
) 2F1

(
1,−ν;

3
2
,
ξ + 1

2
ξ + 1

)
, (3.26)

and get the result after recalling (2.29). �

Theorem 3.8: For | arg(z)| < π
2 , −1 < �(ν) < 0 and �(ν) �= − 1

2 , the following integral
representation holds for the product of Hermite functions

Hν(z)Hν(−z) = 1
2π

�

(
1
2

+ ν

)
�

(
1
2

− ν

)
H2

ν(−z)

+ 2ν− 3
2
�
(− 1

2 − ν
)
�
( 3
2 + ν

)
�(1 + ν)�2(−ν)

∫ 1

0

√
1

1 − ξ
2

e
z2

1− ξ
2 Erfc

⎛
⎝ −z√

1 − ξ
2

⎞
⎠ ξ− 1

2 (1 − ξ)ν dξ

+ 2ν−1√π

�
( 1
2 − ν

) ∫ ∞

1

z√
π(ξ − 1)3

e−
z2

ξ−1 2F1

(
−ν,

1
2
;
1
2

− ν,
1
2 − ξ

ξ

)
dξ . (3.27)

Proof: We consider (3.15) as the inverse Laplace transform of e−t−2z
√
t and substitute into

the integrand of (3.23) to obtain

I− = 22ν−1

�(−ν)

∫ ∞

1

z√
π(ξ − 1)3

e−
z2

ξ−1 dξ
∫ ∞

0
e−tξ t−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt.

(3.28)

We now evaluate the inner integral of (3.28) as the Mellin transform of e−tξ� , [15, p. 518,
3.36.1(2)]
∫ ∞

0
e−tξ t−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)
dt = 1

2ν

�(−ν)�
( 1
2
)

�
( 1
2 − ν

) 2F1

(
−ν,

1
2
;
1
2

− ν,
1
2 − ξ

ξ

)
,

(3.29)

and get the result. �
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Theorem 3.9: For | arg(z)| < π and − 1
2 < �(ν) < 0, the following integral representation

holds for the product of Hermite functions

Hν(z)Hν(−z) = 1
2π

�

(
1
2

+ ν

)
�

(
1
2

− ν

)
H2

ν(−z)

+ 2ν− 3
2
�
(− 1

2 − ν
)
�
( 3
2 + ν

)
�(1 + ν)�2(−ν)

∫ 1

0

√
1

1 − ξ
2

e
z2

1− ξ
2 Erfc

⎛
⎝ −z√

1 − ξ
2

⎞
⎠ ξ− 1

2 (1 − ξ)ν dξ

+ �
( 1
2 − ν

)
2ν+ 5

2
√

π�(−ν)

∫ ∞

0
ξ−ν−1

(
1
2

+ ξ

)− 1
2
(1 + ξ)νH2ν

(
z√

ξ + 1

)
dξ . (3.30)

Proof: Weuse the following representation as the inverse Laplace transform of�(−ν, 12 −
ν; 12 t), [14, p. 351, 3.34.1(1)]

�

(
−ν,

1
2

− ν;
1
2
t
)

= 1

�(−ν)2
1
2+ν

∫ ∞

0
e−tξ ξ−ν−1

(
1
2

+ ξ

)− 1
2
dξ , (3.31)

and substitute into (3.23) to get

I− = 2ν− 3
2

�2(−ν)

∫ ∞

0
ξ−ν−1

(
1
2

+ ξ

)− 1
2
dξ
∫ ∞

0
e−t2(ξ+1) e−2ztt−2ν−1 dt

= 2ν− 3
2 �(−2ν)

�2(−ν)

∫ ∞

0
ξ−ν−1

(
1
2

+ ξ

)− 1
2
(1 + ξ)νH2ν

(
z√

ξ + 1

)
dξ ,

− 1
2

< �(ν) < 0. (3.32)

The condition − 1
2 < �(ν) < 0 is used for employing the Fubini’s theorem and conver-

gence of the outer integral.The result is finally obtained after considering the representa-
tion (2.29) for I+. �

Theorem 3.10: For | arg(z)| < π and �(ν) < −1, ν �= − 3
2 ,− 5

2 , . . ., the following integral
representation holds for the product of Hermite functions

Hν(z)Hν(−z) = 1
2π

�

(
1
2

+ ν

)
�

(
1
2

− ν

)
H2

ν(−z)

+ 2ν− 1
2
�
(− 1

2 − ν
)

�2(−ν)

∫ ∞

0
e−ξ2+2zξ�

(
1
2
,
3
2

+ ν;
1
2
ξ 2
)
dξ (3.33)

+ 2ν−1

�(−ν)

∫ ∞

0

[
1

ξ + 1
− z

√
π

(ξ + 1)3
e

z2
ξ+1 Erfc

(
z√

ξ + 1

)]
2F1

(
−ν,

1
2
; 1,−2ξ

)
dξ .

(3.34)

Proof: At first, we consider the inverse Laplace transform of t−ν−1�(−ν, 12 − ν; 12 t), [14,
p. 351, 3.34.1(2)]

t−ν−1�

(
−ν,

1
2

− ν;
1
2
t
)

= 1
2ν

∫ ∞

0
e−tξ

2F1
(

−ν,
1
2
; 1,−2ξ

)
dξ , (3.35)



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS 13

and substitute into integrand of (3.23) to obtain

I− = 2ν−1

�(−ν)

∫ ∞

0
2F1

(
−ν,

1
2
; 1,−2ξ

)
dξ
∫ ∞

0
e−t(ξ+1) e−2z

√
t dt, �(ν) < −1.

(3.36)

The condition�(ν) < −1 is applied for employing the Fubini’s theorem and convergence
of the outer integral. We now evaluate the inner integral of (3.36) as the Laplace transform
of e−tξ� , [15, p. 30, 2.2.1(15)]∫ ∞

0
e−t(ξ+1) e−2z

√
t dt = 1

ξ + 1
− z

√
π

(ξ + 1)3
e

z2
ξ+1 Erfc

(
z√

ξ + 1

)
, (3.37)

and take into account the relation (2.30) to get the result. �

Remark 3.1: In view of the relation (2.30) as the substitution of (2.29) for the inte-
gral I+, the result of Theorem 3.7 can be replaced by the restriction �(ν) < − 1

2 , ν �=
− 3

2 ,− 5
2 , . . . . Also, the result of Theorem 3.8 can be replaced by the restriction �(ν) <

0, ν �= − 1
2 ,− 3

2 ,− 5
2 , . . . .
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