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In the present research, the coupled and non-linear thermo-mechanical response of a functionally graded ma-
terial (FGM) hollow sphere under thermal shock is investigated. It is assumed that all of the properties of the
sphere except for the thermal relaxation time are graded through the radial direction using an exponential
representation. The formulation is based on the Lord and Shulman theory which contains a single relaxation time
parameter to avoid the infinite speed of temperature wave propagation. Two coupled equations namely energy
and motion equations are obtained. These two equations are written in terms of temperature change and radial
displacement. The energy equation is kept in its non-linear form and the assumption of small temperature change
in comparison to reference temperature is not established in this research. The obtained equations are provided
in a dimensionless presentation. After that using the generalised differential quadrature (GDQ) method,
nonlinear algebraic presentation of the governing equations is established. Using the successive Picard algorithm
and the Newmark time marching scheme, the temporal evolution of the temperature and displacement are
obtained. Numerical results are validated for the case of homogeneous sphere with the available data in the open
literature. After that, novel numerical results are given to explore the effect of relaxation time, coupling

parameter, exponential index and non-linearity of the energy equation.

1. Introduction

Response of Hollow spheres under thermal or mechanical shock has
been the subject of many studies within the last decades [1-3]. In most
of the works, it is postulated that temperature change is infinitesimal in
comparison to the reference temperature. As a result, the energy equa-
tion may be linearised and the governing equations are linear. Among
the works dealing with the generalised thermoelasticity of functionally
graded material (FGM) hollow spheres with different second sound
theories the following works may be mentioned.

Kar and Kanoria [4] applied the three phase lag theory to investigate
the propagation of thermal and mechanical waves in an FGM spherical
body with orthotropic properties. With the aid of the Laplace trans-
formation technique, the basic equations are provided in the trans-
formed domain. The eigenvalue approach is used to solve the
transformed equations in a vector-matrix presentation. Various theories
such as the Green-Naghdi type II and Green-Naghdi type III may be
obtained as especial cases. Also the case of a body with spherical cavity
may be investigated as an especial case. Shariyat et al. [5] obtained the

* Corresponding author.
E-mail address: y.kiani@sku.ac.ir (Y. Kiani).

https://doi.org/10.1016/j.ijpvp.2020.104065

response of FGM hollow spheres subjected to thermal and mechanical
shock in ambient moisture. The formulation is within the framework of
Lord and Shulman theory of generalised thermoelasticity which ac-
counts for a single relaxation time. The Galerkin type of finite elements
formulation which is applicable directly to the governing equations is
adopted to discretize the governing coupled and non-linear equations.
The strain rate effects are also included in the present research. To
guarantee the exact continuity of the stresses at the mutual boundaries
of the elements, C1 Hermitian elements are adopted. It is verified that in
an FGM sphere the speed of propagation of temperature and stress waves
is non-uniform within the body. For a functionally graded hollow sphere
which is reinforced with non-uniform distribution of graphene platelets
(GPLs) Heydarpour et al. [6] obtained the propagation of waves using
the Lord-Shulman theory. In this research, the effective elastic proper-
ties of the media are calculated using the Halpin-Tsai approach. Laplace
transformation technique is used to deal with the time dependency of
the governing equations. Multi-step time integration scheme based on
the non-uniform rational B-spline (NURBS) in conjunction with
Newton-Raphson algorithm are employed to solve the coupled and

Received 28 December 2019; Received in revised form 10 February 2020; Accepted 13 February 2020

Available online 19 February 2020
0308-0161/© 2020 Elsevier Ltd. All rights reserved.


mailto:y.kiani@sku.ac.ir
www.sciencedirect.com/science/journal/03080161
https://http://www.elsevier.com/locate/ijpvp
https://doi.org/10.1016/j.ijpvp.2020.104065
https://doi.org/10.1016/j.ijpvp.2020.104065
https://doi.org/10.1016/j.ijpvp.2020.104065
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijpvp.2020.104065&domain=pdf

P. Karimi Zeverdejani and Y. Kiani

nonlinear equations in algebraic form. It is shown that the speed of
waves is highly dependent to the amount of GPLs within the body. Banik
and Kanoria [7] investigated the response of an infinite body with
spherical cavity using the three phase lag theory of thermo-elasticity.
The heat conduction equation in this theory is a hyperbolic equation
which admits the finite speed of temperature wave in the body. Specific
attention is devoted to the special case of Green-Naghdi type II which is
without energy dissipation and Green Naghti type III which admits the
energy dissipation. A unified generalised thermoelasticity theory is
developed by Bagri and Eslami [8] to analyse the propagation, reflection
and interaction of thermal and mechanical waves in hollow spheres.
Auxiliary parameters are introduced to unify the well-known thermo--
elasticity theories such as Lord-Shulman theory, Green-Lindsay theory
and Green-Naghdi theory. Using the Laplace transformation technique
in time domain and the Galerkin type of finite elements in radial di-
rection of the sphere, the equations are discretized and solved. It is
highlighted that under each of these theories, temperature wave prop-
agates with finite speed. Using the classical coupled thermoelasticity
formulation which admits the thermal-structural coupling and ignores
the finite speed of temperature wave, Shahani and Momeni Bashusqeh
obtained the response of homogeneous hollow spheres under mechani-
cal [9] or transient thermal shock [10]. In the mentioned works, finite
Hankel transformation technique is employed to obtain the response of
the sphere under thermal and/or mechanical shocks. Closed form ex-
pressions are obtained in each case to investigate the propagation of
thermal and mechanical waves in the spherical bodies. Povstenko [11]
investigated the response of a hollow sphere within the framework of
fractional theory of thermo-elasticity. Caputo time-fractional derivative
with positive order smaller than two is established. The solution is ob-
tained applying Laplace and finite sine-Fourier integral transforms. The
Dirichlet problem with the prescribed boundary value of the tempera-
ture is considered. He also developed the formulation for the case of a
sphere under heat flux [12]. Sur and Kanoria [13] developed the thermal
stresses and temperature profile within a spherical body made of
visco-elastic materials. Using the Laplace transformation technique and
Bellman numerical inversion, the magnitude of temperature, displace-
ment and stresses are obtained as time evolutes.

As the above literature survey reveals, most of the investigations deal
with the linear formulation of generalised thermoelasticity of hollow
spheres where temperature change is negligible in comparison to
reference temperature. In the present investigation, the thermally
nonlinear formulation is adopted which is originated from the
assumption that temperature change is comparable with respect to
reference temperature. Under the Lord and Shulman theory assumption,
two coupled equations are established as the energy and motion equa-
tions. These equations for a hollow sphere made of an exponentially
graded media are provided in a dimensionless presentation. After that,
using the GDQ method, Newmark time marching scheme and Picard
successive algorithm, the equations are solved to obtain the tempera-
ture, displacement and stresses within the body as a function of time.
Results are devoted to explore the effects of coupling parameter, relax-
ation time and non-linearity.

2. Functionally graded sphere

A hollow sphere is considered in the current research which is made
from a functionally graded material. The inner and outer radii of the
hollow sphere are denoted by a and b, respectively. Radial coordinate r is
measured from the center of the sphere. In the present research, it is
assumed that properties of the sphere except for the Poisson ratio v and
thermal relaxation time t, are graded through the radial direction using
an exponential presentation. Thus, a thermo-mechanical property, P
may be considered in the form

P(r) = Pye'ri=a @)
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In Eq. (1), Py stands for the property at the inner radius of the sphere
and the property at the outer radius of the sphere is evaluated as Pye*
where 45 is the exponential inhomogeneity index of the FGM media.

It is assumed that elasticity modulus, E, thermal expansion coeffi-
cient, a, thermal conductivity, K, mass density, p and specific heat C,
follow the representation (1).

3. Equation of motion

An FGM hollow sphere which is subjected to the radially symmetric
thermal loads on the boundaries is assumed in this research. Under the
assumption of radially symmetric loading and boundary conditions, the
response of the hollow sphere is also radially symmetric. Under such
conditions, two of the equations of motion vanish and only the radial
one remains. Since circumferential and azimuthal components of the
stress and strain are the same in radially symmetric conditions, the
equation of motion takes the form[14].

2

a;’r"’ ) - %ee) _p(r) 37? @

In Eq. (2) o6 and o, are the radial and azimuthal(circumferential)
stresses. Also u stands for the radial displacement in the hollow sphere.
Furthermore t stands for time.

For the case of radially symmetric deformations in the sphere, the
stress components may be expressed in terms of strains and temperature
change as

((1 —v)e, + 2ve,, — (1 +v)a(r)o(r))

3)
E(r)

Cpp = m (€pp + vEH — (1 +1)a(r)0(r))

In Eq. (3), (r) stands for the temperature change in the sphere which
may be replaced by 8(r) = T(r) — To. Here T(r) is temperature in the
body and Ty, is reference temperature. Also &, and ¢, are the radial and
azimuthal(circumferential) normal strains, respectively.

Strain components for the case of radially symmetric deformations
are obtained easily in terms of the radial displacement as

.,
"= or

4

The radial equation of motion in terms of radial displacement and
temperature change may be obtained easily when Egs. (3) and (4) are
inserted into Eq. (2). With the aid of Eq. (1) which is used in here to
obtain the distribution of elasticity modulus and thermal expansion
coefficient, one may reach to

1—v Pu  [Ar 2\ou gy u
(1+y)(172y)E(’>(W’L(?*?)E”(dlfy)r_l)ﬁ_

1+l//15+ﬂ,,a p _1+1/a %7)()@
1—v c 4 g 1-v rt?r _[r()tz

where in Eq. (5) ¢ =b—a.

)

4. Energy equation

As known, in the developed theory by Lord and Shulman, an auxil-
iary parameter known as the relaxation time is introduced which mod-
ifies the Fourier law of heat conduction as [14].

or

q+t0q':7K(r)E (6)

In Eq. (6) q represents the radial heat flux and K(r) stands for the
position-dependent thermal conductivity.
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Fig. 1. A comparison of nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 between the results of
this study and those of Kiani and Eslami [30] for to =1,A=0.02111 and Qin = 4.

In spherical coordinates, the heat balance for an element which
provides the radial heat flux g in terms of rate of specific heat influx Q
may be expressed as [15].

__la(rq)
0= TR or @

The differential presentation of the second law of the thermody-
namics takes the form
5Q=TdS ®

Considering the temperature, radial strain, circumferential strain
and azimuthal strain as distinct variables, Eq. (8) in rate form takes the
form

. . oS . as . oS . oS ..
O0=TS=T (08”6" + aew + @390 + T T) (C)]
which simplifies to

. 1 . . -

0= 1= 2I/E(r)():(r)T(r)e,, + mE(r)a(r)T(r)ew +p(r)Ce(r)T (10)

Equations (6), (7) and (10) may be combined together to obtain a
single equation which is the energy equation compatible with the Lord-
Shulman assumptions in polar coordinates as

K(r) <62T+ (gﬂ—’“) a—T) ——LE(atr) (1 tho%) (€ +209)—

o r ¢/ or 1-2v

an

(1 + r%) Ceo(r)p(r)T=0

With substitution of Eq. (4) into Eq. (11) the following energy equation
is revealed

O°T (2 A\ oT 1 o’u 2 0u
Kt (a— * <; * 7) 5) - EEW(’)T(m 7 E) -
or (u 2 0u 1 Pu 2 0u
T G (G2 ) g e (7 52~
or oT
Cg(r)/)(r) (E + t()y) =0

12

As seen, Eq. (12) is a non-linear equation since the temperature/
temperature rate is multiplied by the strains and their derivatives.
Generally this equation is simplified when the temperature change is
assumed to be negligible in comparison to the reference temperature.
Substitution of T by T, + 6 in Eq. (12) results in
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When the assumption of small temperature change in comparison to
reference temperature is established the following energy equation is

achieved
0 (2 i\ 00 1 Fu 2 0u
K(r) (7 * (; *?) a) ~ 1=, Eal T (m*; a)*

2 du 0 &0
+; ?> = Ce(r)p(r) <E+f0¥> =0

In this study, the phrase thermally nonlinear indicates the nonlinearity
arising from the existence of T in the energy equation (12). On the other
hand, the linear analysis is dominant when the analysis is performed by
Eq. (14) where the temperature change is assumed to be negligible in
comparison to reference temperature.
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5. Equations in non-dimensional form

In this section, the basic equations (5) and (12) which are the motion
and energy equations are provided in dimensionless presentation for the
sake of generality. For this aim, the following dimensionless parameters
are introduced. Egs (5) and (12) are transformed into the dimensionless
form with the introduction of the following non-dimensional variables

. r _ a -~ b

=— d=— b=—
AR AR A
-~ C, ~ C,
r=—"1, g = —"lo,

lo ly
(15)
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Fig. 2. Linear and nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 of an FGM hollow sphere with

%o =1,A = 002111, 1 =1 and G, = 4.
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Fig. 3. Linear and nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 of an FGM hollow sphere with

o =1,A =005 4=1and g, = 4.

In Eq. (15) a symbol " is used to show the dimensionless parameter.
Parameter [, is a characteristic length which is defined by. I, =
KO(/)OCFOCEO)71

Here C, is the classical speed of elastic wave propagation in the
spherical domains which is defined by

(1 =v)Ey

(01 -2, (16

Co=

With the aid of Eq. (15), the equation of motion Eq. (5) and energy
equation (12) take the following form in a dimensionless presentation

As mentioned earlier, the parameters which have a symbol " in Eq.
(17) are dimensionless quantities. The thermally linear analysis takes
place, when reference temperature is ignorable in comparison to refer-
ence temperature or equivalently 1 + 6 is approximated by 1.

When the relaxation time t, is set equal to zero, the second equation
simplifies to the classical coupled thermoelasticity formulation. It is
obvious that, for non-zero values of t, a hyperbolic energy equation is
obtained which results in the finite speed of temperature wave. On the
other hand, for zero values of t, parabolic equation of energy is obtained
which results in the infinite speed of temperature wave.

Also in Eq. (17), the coefficient A is produced in the process of

aZA 2 g\ on AeUT B a2 (00 Ap + g (p—in)=20P i
(A >$+2(2(1_y)’1> 7 ‘<$+ z 9>* 70
a2 2, x 00 ummw o°un 20u - o 2 ou
——(1+6)A 0= — | — a7
( )a?”“ (amf* AR =F raﬁ)

(e +/1,,—/1K)Q66’ ~ (AEFM,,%K)@()z&
P

ar’

~  (Aetia— /11() b\

ou
Ae 227 T
fo \orar ?5;) ¢ g e
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Fig. 4. Linear and nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 of an FGM hollow sphere with

% = 0.36, A = 0.02111, 4 = 1, and G, = 4.

transferring the equation into dimensionless form and indicates the
coupling effect for a sphere made of isotropic homogeneous material.
This coefficient is equal to

_ T()E()(Ig(l + I/)
PuColl —20)(1 — 1)

When the coupling parameter A is set equal to zero, the uncoupled
thermo-elasticity formulation is achieved. Under such conditions, the
temperature profile is obtained first and then the extracted temperature
profile is inserted into the equation of motion.

Similarly, the components of stress field in a dimensionless presen-
tation take the following form

N G [T TR TR W= PN
6,=¢€ ¢ |=—=+ —~——e 0

18

oF 1—-vT

N w1 ﬁJr v ou A,,Qa
Cpp =€ ¢ |——= ——e <
" 1—v? 1—-vor

6. Solution method

19

Equation (17) interpret two coupled equations in terms of dimen-
sionless temperature change and radial displacement in a hollow sphere
made of FGMs subjected to thermal shock. These equations are coupled

and non-linear due to the assumptions made in the previous sections.
Therefore, exact solution of such equations even if exists is complicated.
A numerical solution is needed to obtain the profiles of radial
displacement and temperature change at each time step. Different nu-
merical methods are used in the open literature to solve the governing
equations of solids and structures, for instance finite element method
[16,17], discrete singular convolution method [18-21], asymptotic
iteration method [22], harmonic differential quadrature [23], differ-
ential quadrature hierarchical finite element method [24], asymptotic
integration method [25] and Galerkin method [26,27]. Each of these
methods has its own advantages and shortcomings. Here the generalised
differential quadrature method is used to discrete the motion and energy
equations through the radius of the hollow sphere. Applying the
generalised differential quadrature method to Eq. (17) results in the
following non-linear time-dependent equations.
The descretized form the of the equation of motion is:

N
2 A 1 ApU
S (e s (2t pof — Ly A o), -
(CU +<?i+5)cy * < ?f+?i5(1*”)>cy )uj
(20)

N ria N i
pum A A )—Ap) i .
S e (e - 3o e Ya o

j=1 J=1

and the descretized form of the energy equation is expressed as:
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where in the above equations, C;’’s are the weighting coefficients

associated with the r — th derivative and N is the number of grid points.
Furthermore, r; is the position of i — th node in the GDQ method. Dis-
tribution of the points is based on the well-known Chebyshev-Gauss-
Lobatto method. For the case when the inner and outer radii of the

sphere in non-dimensional form are denoted, respectively, by a and b,
distribution of the points is obtained as
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The system of equations (20) and (21) in a matrix form may be

represented as
M Mu(? i M MuF) u < Ku0 u =
M% M%) é + M% M® |6 + K* k*[Yo [~ )F
(23)

=

0.4
0.3

<~4~*‘ 0.2

Nonlinear 7
----- Linear

10 11 12 13 14 15

(=

~

ok
o b
Nk
w b
oy
b
oo |
o

0.4

0.2

-0.6 Nonlinear|

-0.8

10 11 12 13 14 15

oo b
o k

01 2 3 45 6 7
t

Fig. 5. Linear and nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 of an FGM hollow sphere with

%o =1,2=1,A=002111 and G, = 2.
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where the elements of mass matrix, damping matrix, stiffness matrix and
force vector are as

2=\ (o)
uu il
My = — <e ( )C,-,-

u
M = 0
uu
Ci'=0
uf
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Similar to the governing equations, the GDQ method should be
applied to the boundary conditions. As mentioned earlier, it is assumed
that the non-dimensional inner and outer radii of the sphere are,

respectively, a and b. The following boundary conditions are used for
inner and outer radii of the sphere as

o I (25)
r=b:6,=0,60=0

The above boundary conditions express a hollow sphere which is
subjected to thermal shock at inner surface, while outer surface is kept at
reference temperature. Furthermore, the outer surface is free of radial

stress and the inner surface is free of radial deformation. Upon appli-
cation of the GDQ method, Eq. (25) takes the form

F=F: i Cyu;=0, Zd”a =—G,

N
[ 2 (1) 2 ~(0) (o
F= N.E ek<CM+Zl ) E et 9 =0, E Cy

(26)

Various methods are available to apply the boundary conditions to
the discreted motion and energy equations. In this study, boundary
conditions (26) are applied directly to Eq. (23). After that, the motion
and energy equations may be written as

M(X)X+C(X,X)X + KX =F 27)

To complete the approximation, one should approximate the time
derivatives in Eq. (27). Here, the Newmark direct integration scheme
based on the constant average acceleration method (ay = 0.5, fy = 0.25)
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is applied [28,29]. Implementation of the Newmark method to Eq. (27)
yields

ﬁ(X)XH,I = F\jJ+l (28)

where

Kii1 = Ky +asMjy + a6Ciyy

Fjio = F+ M (a5X; + aiX; + asX;) + G (aX; + arX; + a5X))
(29)
with
a; = aNAt7 a; = (1 — IZN)A[
1 1 1-28,
a3y = —, d4g — ——, d5 =
TR T pAr T T 2By (30)
- -2
g = aN7a7:aN ﬁN’agzaN ﬂNAt
PyAt B 2By

Once the solution X is known at t;,; = (j + 1)At, the first and second
derivatives of X at t;,; can be computed from

XHI = daj (X/+l X; ) — (14X X/'

(31)
Xj+1 X +(12X +a1X,+1

The resulting equation (28) are solved at each time step using the
information known from the preceding time step solution. At time ¢t =0,
the initial values of X, X, and X are known or obtained by solving Eq.
(27) at time t = 0 and are used to initiate the time marching procedure.
Since the hollow sphere is initially at rest, the initial values of X and X
are assumed to be zero. In other words, the initial conditions to begin the
time marching are

(r,0)=1(r,0)=0(r,0)=0(r,0) =0 (32)

An iterative scheme should be applied to Eq. (28) to solve the
resulting nonlinear algebraic equations. In this study, the well-known
Picard iterative scheme is used. Details of the Picard scheme are not
presented herein for the sake of brevity, meanwhile one may refer to
Ref. [28].

7. Results and discussion

A hollow sphere made of an exponentially graded material is
assumed in the present research. The inner side of the sphere is made
from Aluminum with properties Ey = 70GPa, v = 0.3, ap = 23X 101/
K, py = 2707kg/m3, Ko = 204W/m and C,o = 903 J/kg.K. The dimen-
sionless inside and outside radii of the hollow sphere, are, respectively

@ =1andb = 2. Unless otherwise mentioned, the boundary conditions
are similar with those provided in Eq. (25). In the next, at first a com-
parison study is given between the results of this study and those given
by other researchers. After that novel numerical results from the present
research are given. In the results of this section, it is assumed that all of
the FG indices are the same, i.e., 1 = 1z = 4, = A¢c, = Ax = 4q. The
reference temperature is set equal to Ty = 300K for all of this section.
The number of grid points in the GDQ method is set equal to N = 201.
Also the time step of the Newmark method is set equal to At = 0.001.

7.1. Comparison study

A comparison study is performed in this section for the case of a
hollow sphere made from an isotropic homogeneous material. This can
be done easily when all of the indices of the FGM sphere are set equal to
zero, i.e. 1 = 0. For the sake of the comparison, the following quantities
are used. Relaxation time in dimensionless presentation is set equal to
one, ty = 1. The coupling parameter is set equal to A = 0.02111. This is
the real value of coupling parameter which is evaluated at reference
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Fig. 6. Nonlinear temporal evolution of dimensionless radial displacement, temperature, radial and hoop stresses at 7 = 1.5 of an FGM hollow sphere with t, = 1,

A = 0.02111, g;, = 4 and various X indices.

temperature T = 300K. The inside surface of the sphere is subjected to a
shock of magnitude q;, = 4. For the sake of comparison, thermally non-
linear based temporal evolution of displacement, temperature and
stresses are obtained at 7 = 1.5. Results are depicted in Fig. (1) and
compared with those of Kiani and Eslqgmi [30]. It is seen that, excellent
agreement is achieved between the results of this study and those of
Kiani and Eslami [30] which accepts the correctness and efficiency of
the developed formulation and solution method.

7.2. Parametric studies

After validating the present formulation and solution method with
the available data in the open literature, novel numerical results are
given in this section.

7.2.1. Importance of non-linearity

For the fist study, the importance of non-linear analysis is depicted.
Results of this study are provided in Fig. (2). For generating the nu-
merical results of this figure, a spherical vessel with tp = 1, A =
0.02111, =1 and g, = 4 is assumed. Temporal evolution of dimen-
sionless radial displacement, temperature, radial and azimuthal stresses
are depicted in Fig. (2) based on both linear and non-linear analysis. It is
seen that, under the thermally non-linear analysis, the magnitudes of
both stresses and displacement alleviate. The differences of temperature
profiles obtained by thermally linear and non-linear analysis are hardly
distinguishable. It is also seen that the magnitudes of stresses,
displacement and temperature at 7 = 1.5 are equal to zero up to a

certain time. This feature accepts the fact that all of these waves prop-
agate with finite speed.

7.2.2. Importance of coupling parameter

To discuss the importance of coupling parameter, a study is per-
formed in this section and its results are provided in Fig. (3). For this
aim, all of the parameters are the same with those used in Fig. (2) except
for the coupling parameter which is set equal to A = 0.05. Conse-
quently, one may obtain the influence of this parameter on the propa-
gation of waves via the comparison of results in Fig. (2) and Fig. (3).
Comparison of these two figures accept the fact that, as the coupling
parameter increases, the divergence of the results between the thermally
linear and non-linear theories enhances. Therefore for higher magni-
tudes of coupling parameter the adoption of thermally nonlinear anal-
ysis is inevitable.

7.2.3. Importance of thermal relaxation time

Results of Fig. (4) aim to analyse the effects of thermal relaxation
time on the temporal evolution of displacement, temperature and
stresses within a hollow sphere. To this aim, a spherical vessel with
properties similar to those used in Fig. (2) are considered except for the
thermal relaxation time which is set equal to t, = 0.36. Therefore a
smaller value of thermal relaxation time is used in comparison to the one
used in Fig. (2). It is seen that divergence of the results obtained by the
linear and nonlinear analysis enhances with an increase in the thermal
relaxation time. Therefore for high values of thermal relaxation time the
use of thermally nonlinear analysis is unavoidable.
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Fig. 7. Propagation of radial displacement, temperature, radial and hoop stress waves at different times for an FGM hollow sphere with ty =4, 1 =

and gin = 4.

7.2.4. Importance of thermal shock

Results of Fig. (5) aim to discuss the effects of magnitude of thermal
shock on the thermally nonlinear temporal evolution of displacement,
temperature and stresses. In generating the results of this figure, all of
the parameters are the same with those used in Fig. (2) except for the
thermal shock magnitude which is set equal to g;, = 2. As seen from the
comparison of results of Fig. (2) and Fig. (5), higher magnitudes of shock
results in higher divergence between the thermally nonlinear- and
thermally linear-based results. This is expected since as the magnitude of
shock enhances, temperature within the body increases. Under such
condition, the assumption of small temperature change in comparison to
reference temperature becomes poor and therefore non-linear analysis
should be performed.

7.2.5. Importance of exponential index

Figure (6) depicts the effect of exponential index of the functionally
graded media. To this aim spherical vessels with material properties
T =1,A =0.02111, q;, = 4 are considered. Three different values are
considered for FGM index which are A = 0.5,1 and 1.5. Temporal evo-
lution of temperature, displacement and stresses are obtained and
depicted in Figure (6). It is seen that as the exponential index of the FGM
vessel increases, the radial displacement in the vessel decreases. This is
due to the fact that increasing the exponential index of the FGM vessel
enhances the stiffness of the vessel which leads to the lower displace-
ment. Also temperature within the body decreases as the exponential
index enhances. The effect of graded pattern of the FG vessel on the

10
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stresses is not comparable with respect to its effect on temperature and
displacement.

7.2.6. Propagation of waves

An example on the type of thermal shock is depicted in Fig. 7. All of
the boundary conditions are the same with those defined in (25) except
for the type of thermal shock. Instead of heat flux in this example the
sudden temperature elevation is exposed to the inner edge of the hollow
sphere. The applied thermal shock is considered in the form

6=0;,(1— (1+1007)e~'*") (33)

Figure (7) demonstrates the propagation of thermal and mechanical
waves at different times in the sphere. A hollow sphere with material
properties t, =4, 4 =1, A = 0.02111 which is subjected to the shock of
magnitude §;, = 4 is assumed. Based on the thermally non-linear anal-
ysis, propagation of waves at t = 0.2, 0.4, 0.8, 1.2 and 2.2 is provided.
As seen from the results, temperature propagates with finite speed which
is the main conclusion from the Lord-Shulman theory assumption. It is
also seen that this theory admits the energy dissipation. The speed of
temperature wave in the body is not constant since the properties are
position dependent. This is also compatible with the observation of
Figure (7) since the temperature wave front is located at 7 = 1.1 and 1.5
for t = 0.2 and 1.2. The induced stresses in the vessel are both
compressive at the initial steps of heating since one surface of the vessel
is restrained against expansion. In the portraits of stresses, two
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Fig. 8. Propagation of radial displacement, temperature, radial and hoop stress waves at different times for an FGM sphere with t, = 1.5625, A

and ém = 4.

discontinuities are observed. The first one is attributed to temperature
wave front and the second one is attributed to displacement wave front.
For t = 2.2, the radial displacement wave is reached to the other side of
the vessel, reflected back and again reached to the inner side of the
vessel and reflected back.

Finally an attempt is made to show the importance of thermally
nonlinear analysis on the propagation of waves. For three different
times, the portraits of waves is provided. Properties of the vessel are
o = 1.5625, 4 =1, A =0.02111 and @in = 4. Results are depicted in
Fig. (8). It is seen that, under thermally nonlinear analysis, the magni-
tudes of stresses and displacement are underestimated.

8. Conclusion

Generalised thermo-elasticity response of a hollow sphere made from
an exponentially graded material is considered in this research. The Lord
and Shulman theory of thermo-elasticity is used to consider the finite
speed and temperature wave propagation. Two coupled equations,
namely the equation of motion and energy equation are established. The
energy equation, unlike many of the other available works is kept in its
nonlinear form and the linearization of the previous works is not per-
formed in this research. The obtained coupled and nonlinear equations
are provided in a dimensionless presentation. After that, with the aid of
the GDQ method and Newmark time marching scheme, a system of
nonlinear algebraic equations is achieved. Picard algorithm is used to
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obtain the magnitudes of displacement, stresses and temperature at each
time. It is concluded that, under thermally nonlinear analysis, stresses
and displacement are underestimated. Also as the coupling parameter,
thermal relaxation time or magnitude of shock increases, the use of
thermally nonlinear analysis becomes more important.
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