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o (N/ cond(G)(1 + k)?r log e‘1) iteration complexity
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ABSTRACT

In this paper, we present a predictor-corrector infeasible-interior-point
method for symmetric cone linear complementarity problem (SCLCP) with
the Cartesian Py (x)-property (P« (x )-SCLCP). This method is based on a wide
neighbourhood, which is an even wider neighbourhood than the negative
infinity neighbourhood. We show that the iteration-complexity bound of
the proposed algorithm for a commutative class of search directions is

o) («/cond(G)(1 + x)2r log s‘1>, where cond(G) is the condition number

of matrix G, « is the handicap of the problem, r is the rank of the
associated Euclidean Jordan algebra and ¢ > 0 is a given tolerance. To
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our knowledge, this is the best complexity result obtained so far for the
wide neighbourhood infeasible-interior-point methods for the Cartesian
Py (1)-SCLCPs.

1. Introduction

Interior-point methods (IPMs) that initiated by Karmarkar [1] play an important role in modern
mathematical programming. They have been proposed for linear programming (LP), and then many
of these methods are extended to symmetric cone programming (SCP).[2-8] SCP includes solving
problems such as LP, semidefinite programming (SDP) and second-order cone programming. The
foundation for solving these problems using IPMs was laid by Nesterov and Nemirovski [9]. The first
extension of primal-dual IPMs for SCP was achieved by Nesterov and Todd [10,11].

Two popular neighbourhoods used in IPMs are so-called small neighbourhood and negative infin-
ity wide neighbourhood. Ai [12] and Aiand Zhang [13] proposed a new class of wider neighbourhoods
for LP and linear complementarity problems (LCPs), respectively, which is known as N'(z, B) (see
Section 3). Li and Terlaky [14] extended the Ai and Zhang’s technique to SDP. In 2013, Liu et al.
[15] extended the wide neighbourhood N (z, B) to SCP. Recently, Yang et al. [16] proposed a new
approach in the complexity analysis of an infeasible-IPM for SCP based on the wide neighbourhood
N(z, B) and improved the theoretical complexity bound in Liu et al. [15]. Motivated by these results,
we present a predictor-corrector infeasible-interior-point algorithm for P, («)-SCLCP. The current
paper aims at modifying Yang et al.’s algorithm in [16] to gain a new class of second-order corrector
interior point algorithm for P, («)-SCLCP.

The class of P, (k)-matrices was first introduced by Kojima et al. [17]. Later, the Cartesian P, («)-
SCLCP introduced by Luo and Xiu [18]. The Cartesian P, (k) class involves the Cartesian P class
and turns out to be a special case in the Cartesian Py class. Several efficient algorithms have been
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proposed for the Cartesian P, (x)-SCLCP and the Cartesian P-matrix SCLCP in [19-24]. Based on
the Nesterov-Todd (NT) search direction, in [20,23,24] the authors proposed a class of polynomial
interior point algorithms, which generates a sequence of iterates in the small neighbourhood of the
central path. The first extension of infeasible-IPM based on the wide neighbourhood N (z, 8) in [15]
to the Cartesian P, (k)-SCLCP was achieved by Sayadi Shahraki et al. [22]. Furthermore, by using the
NT search direction, the iteration complexity for this class of optimization problems is obtained as
(@) ((1 +k)3r? log {;‘_1).[19,21] In [21], the iteration complexities for xs and sx search directions are
obtained as O ((1 +1)%r*> log 8_1).

In this paper, we improve the iteration complexity for the NT search direction to O((l + Kk)%r

log 8_1> and the iteration complexities for xs and sx search directions to O ((1 + x)?r*?*loge~!).
This paper is organized as follows: In Section 2, we give a brief introduction to Euclidean Jordan
algebra and IPM for the Cartesian P, (k)-SCLCP. In Section 3, we present an interior-point algorithm
for the Cartesian Py («x)-SCLCP. In Section 4, we analyse the algorithm and obtain the currently best-
known iteration bound for infeasible-IPMs for Cartesian P, (k)-SCLCP. Finally, some conclusions

and remarks follow in section 5.

2. Preliminaries
2.1. Euclidean Jordan algebras and symmetric cones

In this section, we recall some concepts of Euclidean Jordan algebra and symmetric cones which
are needed in this paper. For a comprehensive treatment of Euclidean Jordan algebras, the reader is
referred to the monograph by Farut and Korany [25].

Definition 1: Let (J , ~>) be an n-dimensional inner product space over Rand o : (x, y) > xoy
be a bilinear map from J x J to J. Then, the triple (j , {5 ) o) is a Euclidean Jordan algebra if it
satisfies the following conditions:

(i) xoy=yoxforalx,ye J;
(i) xo(x?oy)=x*0(xoy)forallx, y € J, wherex? :=x o x;
(iii) (xoy,z) = (y,xo0z) foral x, y, z € J, where the inner product (-, -) is defined by
(x, yy :=Tr(xoy) foranyx, y € J.

Since ‘o’ is bilinear for every x € J, there exists a linear operator L(x) such that for every y € 7,
L(x)y := xoy. The vectors x and y are said to be operator commute if L(x)L(y) = L(y)L(x). In other
words, x and y are operator commute if x o (yoz) = yo (xoz), forall z € J. Additionally, we define

Q(x) = 2L(x)* — L(x?),
where L(x)? = L(x)L(x). Q(x) is called the quadratic representation of x. In the following, we present
some important properties of the quadratic representation.

Proposition 2.1 (Proposition I11.2.2 in [25]): Let x, s € int KC. Then Q(x)s € int K.

Lemma 2.2 (Lemma 28 in [4]): Let x, s € int K and p be invertible. Then x o s = e if and only if
Qp)x 0 Q(p~Ns = pe.

Lemma 2.3 (Proposition 2.9 in [18]): Let x, s € int K. If x and s are operator commute then
Qx'/?)s=xos.

For a Euclidean Jordan algebra 7, the corresponding cone of squares IC := (x2: xe J)isa
symmetric cone. A Jordan algebra has an identity element, if there exists a unique element e, such
thatxoe = eox = x forall x € J. For any x € 7, let k be the smallest integer such that the set
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le,x, ..., xk} is linearly dependent. Then, k is the degree of x which is denoted by deg(x). The rank
of J is the largest deg(x) of any element x € J.

An element ¢ € 7 is said to be an idempotent if ¢ # 0 and ¢* = ¢. An idempotent ¢ is primitive if
it is nonzero and cannot be expressed by sum of two other nonzero idempotents. Two idempotents
¢; and ¢; are said to be orthogonal if ¢; o ¢; = 0. We say that {c;, c2, ..., ¢} is a Jordan frame if each

¢; is a primitive idempotent, ¢; o ¢; = 0 for all i # [, and ZI‘;l ¢ =e.

]

Theorem 2.4 (Theorem III.1.2 in [25]): Let J be a Euclidean Jordan algebra of rank r. For any
x € J, there exists a Jordan frame {c1, ¢, ..., ¢/} and real numbers Ay, ..., A, such that

r
X = Zkici. (1)
i=1

Every A; is called an eigenvalue of x and (1) is the spectral decomposition of x. We denote
Amin (kmax) as the minimal (maximal) eigenvalue of x.

By using eigenvalues, we may extend the definition of any real-valued continuous function to
elements of a Euclidean Jordan algebra. Particularly, we have some examples as follow:

Square root: x'/2 := Y"I_ )»il/zci ifall 2; > 0;
Inverse: x ! := Y"1_ A7 ¢ ifall &; # 0;
Trace: Tr(x) = > |_; Aj;

Determinant: det(x) = [[/_, A;;

Frobenius norm: ||x|| := /{(x, x) = (Z?:l )\?)1/2;

Metric projection: x* = >/, A;"ci where )\;L = max {A;, 0} fori =1, 2, ..., r. Moreover, x~ =
+

xX—xT.

In the following, we recall two lemmas which are useful in the complexity analysis of the algorithm.
Lemma 2.5 (Lemma 2.15in [7]): Let x o s € int I, then det(x) # 0.

Lemma 2.6 (Lemma 5.12 in [26]): Ifx, y € J, then
[G+o)T] = I+t = et + -

2.2. IPM for the Cartesian P, («)-SCLCP

Let n,-dimensional space 7, be a Euclidean Jordan algebra and C, is the corresponding symmetric
cone with rank r,, forany v € {1, 2, ..., N}.Let 7 = J) x J2 X - -+ x Jn is the Cartesian product
space with its cone of squares £ = K; x K, X --- x Ky and the dimension and rank of J are
n= Zi\jzl nyand r = Zf)\]:l 1y, respectively. In this paper, we consider

SCLCP, given in the standard form

xel, s=Ax)+qek, (x,s) =0, 2)
where A : J — J is a given linear transformation and g € J.

We call SCLCP the Cartesian Py (k)-SCLCP if linear transformation A has the Cartesian Py (k)
property for some nonnegative constant « > 0, i.e. A(u) — v = 0 implies

(1+ 4x) Z(u(v), vy + Z(u(”), vy >0, Vu, ved,

vely vel_

where I, = {v : (™, vy > 0}andI_ = {v : (u™, v <0}.
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Throughout the paper, we assume that the Cartesian P, («x)-SCLCP satisfies the interior-point
condition (IPC), i.e. there exist (x, s) € int IC x int KC such that s = A(x) + q. Under the IPC, finding
an optimal solution of (2) is equivalent to solving the following system:

Ax) —s = —q,
xos = 0, (3)
x, s € int C,

The basic idea of primal-dual IPMs is to replace the second equation in (3), the so-called comple-
mentary condition for the Cartesian P, (x)-SCLCP, by the parameterized equation x o s = t e, with
1 = (x, s)/r which is called the duality gap and 7 €]0, 1[ is called centring parameter. This yields
the following system
Ax) —s = —q,
Xos = Tue, (4)
x,s € int K.

A natural way to define a search direction is to follow Newton’s approach and linearize the second
equation in (4). This leads to the following system:

A(Ax) — As = p,
soAx+xoAs=Ttue—xos,

(5)
where the residual is denoted by p and is defined as

p=s—AKx) —q.
Due to the fact that x and s may be not operator commute in general, the system (5) does not always
have a unique solution. Therefore, we restrict the scaling u belong to the set of all elements so that
the scaled elements are operator commute, i.e.

C(x, s) = {u : u € int K such that Q(u)x and Q(u~)s are operator commute} .

In particular, for
1 1 ~19712 1 1 17712
u= [Q(x)z (Qu)s) } = [Q(s‘z) (Qes7)x) } :

we obtain the NT search direction. Moreover, for the choice of u = s'/2 we get the xs search direction
and for u = x~1/2 we get the sx search direction.

Let A = Qu HAQw™), ¥ = Qwx, T = Q™ Ys, A¥ = Qu)Ax, AT = Q(u~1)As and
? = Q(u~1)p. With these notations and Lemma 2.2, the Newton system becomes

AAR) — A5 = P,
SoAX+Xo0AS=tue—Xo05.

(6)

3. Algorithm

Most IPMs are primal-dual path following methods, the iterates are confined to stay within a
neighbourhood of the central path which is defined as

C={(x,s) cint K xintK: xos=pe, u >0}.
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The negative infinity neighbourhood which is a wide neighbourhood of the central path, is defined
as follows:
N —y) ={(x,s) €int K X int £ : Amin(w) > yu},

where y €10, 1[ and w = Q(x!/?)s.

In this paper, we will restrict the iterates into the following wide neighbourhood of the central
path for the Cartesian P, («x)-SCLCP, which introduced by Ai [12] for LP and Ai and Zhang [13] for
LCP and Liu et al. [15] for SCP:

N(, B) ={(x ) €intK x int K : ||(rpne —w)*| < Bru}, (7)

where B, T €]0, 1[.
Remark 1: From the definition of A/(z, B), it is obvious that

Nl =) SN, ) SN (1= (1=B) 7).

To obtain the predictor directions, we need to solve the following two systems:

SoAX] + X0 AS] = (tpue —X03)T + /1 (te —X 0357,
and ~ N
A(sz) - ASZ = 0, (9)
SoAX +X0AS) = (tue —X03) + /1 (tne—%xo3)t.
Then, we compute the maximum size § € [0, 1] that ensures
Tr (AX; 0 AS3) > —2(1 4 2¢)(1 + B)rp, (10)
where N N N
AX3 =A% + (1 - 68) A%, (11)

A’;g, =8A3] + (l — 8) AS,.
The predictor directions are obtained in the same way as [16]. By using AX3 and A3, we compute
the corrector directions AX® and AS as follows:

A(AX) — AT = 0,

To AR +Fo AT = — A% 0 AT, (12)
We get the new iterate (X(«), S(«)) as follows:
F(a), 5(@)) = & + a AX3 + 0? AR, 5 + a AT; + a2 ATE), (13)

where o € [0, 1] is the step size, which ensures a sufficient reduction in the duality gap and

(@), S(@) € N(z, B).

The duality gap corresponding to the new iterate is

f(e) = (Qu)(x + aAxs + o Ax), Qu™ ) (s + aAsz + a*As))/r (14)
= (x + aAxz + a?AxC, s+ aAs3 + azAsC)/r = u(w).
It is easy to see that

pla) =s(@) — Ax(a)) —qg= (s + aAs3 + a?AsS) — A(x + aAxs + a? AxE) — q
=1 —-d8a)p. (15)
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Algorithm 1

Inputs:
Accuracy parameter € > 0;
neighborhood parameters 0<f<1/2and 0 <7 <1/4;
the initial solution (2, s°) € N'(7, B) with u® = (29, s%)/r.

0. Set k:=0 and x* = 1.

1. If x* < &, then stop; otherwise, Choose a scaling element u €
C(z*, s*) and go to Step 2.

2. Compute the direction (Ai’f, Aglf) by (8) and (Ai’g, Aglg) by (9).

3. Compute the maximum size 6, that keeps (10), and calculate the
direction(AZf, ASE) by (11).

4. Compute the direction <A§Ck, A§Ck> by (12).

5. Find &* € [0, 1] such that for all of € [0, @], u(a¥) < u(ak).

6. Find &% € [0, @*] such that for all of € [0, 6%], (2(cf), 5(ab)) €

N (7, B).

7. Let  (aFt!, 51 = (Qu=Hz(a%), Q(u)s(a*))  and
Mk+1 = <k+178k+1>/7.‘ Set ¢k+1 — ﬂk+1/ﬂk7 Xk+1 —
max{l_[kJrl ¢, Hf:0(1—5i67)}, k = k+ 1 and go to Step
1.

Figure 1. The infeasible-interior-point predictor-corrector algorithm for the Cartesian P, (x)-SCLCP.

Moreover, we have
X() o5(e) = T(a) + AX(xx) o As(x), (16)

where,

T(e) =XoS+a[(tue —X03)™ + /1 (tue —X 03],

AX (@) o AS(a) = a3 (AX3 0 AT 4+ AT; 0 AXE) + a* (AKX o ATY). (17

A more formal description of the predictor-corrector algorithm for the Cartesian Py («x)-SCLCP
is given in Figure 1.

The following remark is readily verified for Algorithm 1.
Remark 2: Let {(xk, sk)} be generated by Algorithm 1. Then for k > 0, we have

A(xk+l) k+1 (S _A(xo)_ )

where 0 = 1 and p*! = (1 — skak)pk = ]_[f.‘:() (1 -8’ e [0, 1].
From Remark 2, we have
I Aah =g
[$* = A& —q|

Here ¢ represents the relative infeasibility at (x¥, s¥).
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4, Complexity analysis

In this section, we mainly characterize the polynomial complexity of Algorithm 1. In order to achieve
the complexity, we list some technical results.

Lemma 4.1 (Lemma 33 in [4]): Let vi, v» € J and G be a positive definite matrix which is symmetric
with respect to the scalar product (-, -). Then

vl fivall

Veond(G) | G=12v, || | GM2w, |
% cond(G) (HG—l/zv1 HZ i ”G1/2V2”2),

=
=

where cond(G) = Amax(G)/Amin(G) is the condition number of G.

As the results of Lemma 36 in [4], we present a bound on the condition number of G for some
specific search directions in the following lemma.

Lemma 4.2: For the NT search direction, cond(G) = 1. For the xs and sx directions, cond(G) <
r/(1 —B)rt.

Lemma 4.3: Supposex, s, a € J with (x, s) € int K x int KC, L(x)L(s) = L(s)L(x), G = L(s) ' L(x)
and A has Cartesian Py (k) property. Then the solution (v, v2) of the following linear system

A(v) — vy =0,
L(s)vi + L(x)v, = a,

satisfies the following inequality:
G720 |* + |GV, | < (1 + 200 llal,

where a = (L(x)L(s))_l/2 a.
Proof: In the same way as the proof of Lemma 4.2 in [18], we obtain the result. O

Before dealing with the analysis of the algorithm, we recall the following lemma from [21] that
will be needed.

Lemma4.4: Letx, s, a, b e J with (x, s) € int K x int K, L(x)L(s) = L(s)L(x), G = L(s) " 'L(x)
and A has Cartesian Py (k) property. Then the solution (v, v2) of the following linear system

A) —va=1b,
L(s)vi + L(x)v, = a,

(18)
satisfies the following inequality:

|G 20" + 62 |” < (1 +20) (1l + 3¢)°,
where 2 = inf { [ G2 * + |GV |* : A1) = v2 = b].

Proof: By multiplying (18) by (L(x)L(s))~Y/2, we obtain

A(v) — v =b,
Gy + Gy =a.
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Let (1, ¥2) € J x J satisfy equation A(v;) — ¥, = b. Hence one has

Ay = 1) — (va —12) =0,

G2 (v — 1) + G2y — 1) = @ — (G20 + G2, (19)
Using (19) and Lemma 4.3, we obtain
V16201 -]+ 61202 - 7
<V1+2c|a— (G20 + GV20)|| < V1 + 2« (llall + |GV + GY/%, )
<V1+2 <||a|| + \/||G—1/2171 I? + G252 | > + 2 |G-V23 || | G129, ||)
<V1+2% <||a|| + ﬁ\/|| G125, |* 4 || G129, ||2) : (20)
On the other hand, by (20), we have
I + 6|
—1/2(v, — 5|2 1201 — 53 ]1% —1/25 |12 125112
<l =l + 620 = | + |6 20 + 6125
= v+ 2]l + (1+ V2 + ) 16120, P + 6123,
SNiEST: (||a|| wafle | + |6 ||2) . 1)
Therefore, by (21), we have
JIG7 720 P + |62 |? = VTF2¢ (Ial +3¢).
which completes the proof. O

Since the proof techniques of the following lemma are the same as in Lemma 4.6 in [21], we will
only present it without proof.

Lemma4.5: Let G = LG)"'L(%), (X,%3) and (AX), AS)) generated by Algorithm 1. Then we have

TZ,LL

inf {[6712a% | + 61285 |+ AaF) - A% =5} <401+ 4077 i pe

Lemma 4.6 (Lemma 5.2 in [15]): Let (X,3) € N(z, B). Then
Tr(tpne —Xo5)T < J/rBru.
Lemma 4.7 (Lemma 5.3 in [15]): Let (X, s) generated by Algorithm 1. Then, we have
|CELE) 2 [(pe —F 0D~ + V7 (te —F oD ]| < (1 + pryrp.

Lemma4.8: Let G = LG)7'L(X), (},5) and (AX1, AS)) generated by Algorithm 1. Then, there
exists a constant w > 12, such that

|G720% | + |GV2 A% |7 < 021 + 26)*r 1.
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Proof: Applying Lemma 4.4 to the system (8), Lemmas 4.5 and 4.7, we obtain

|G720% | + | 612485 | < (1 4 20) (m +6(1+40r

u

(1-8

)

< (1420) (1 4+ 6(1 +40))* > < (14 20) (121 4 20)) P2,

where, = max {«/(1 + B1), /@} > 1. By w := 12, the proof is completed.

Lemma4.9: Let G = L)~ L(X). Then we have

(1) : |Tr (A% 0 AT
(2) : |Tr (A%, 0 AT,

3): |Tr (AEI o A3,
(@) : |Tr (A%, 0 A%

Proof: Using Lemma 4.8, we obtain

)|
)
)
)

=
=
=
=

%a)z(l +26)3r%p,
10+ 26)(1 + BT,

w1+ Bt + 26)%r3 2,
w1+ Br(1 4 26)* 2.

ITr (A% 0 A%)| = |Tr ((GT*A%) o (G'2A%)))|

which implies the first part of the lemma. From Lemmas 4.3 and 4.7, we have

Similar to the proof of (22) and using (23), we can obtain the second part.

IA

IA

|67 8% + 6285 < ( + 200 + por.

By Lemma 4.8 and (23), we derive

1
2

1
Ea)z(l + 2/c)3r2,u,

Tr (%1 0 A%)| = [Tr ((G724%) 0 (GV24%))|
< |G7V2A% || | G2 A% || < o1+ Br(l +26)2r

which implies the third part. Similarly, we also obtain

Tr (A%, 0 A3))| < wy/1+ Bt (1 + 2k)*r* e,
| Tr ( )| Br( )

which follows the forth part. The proof is completed.

Lemma 4.10: Let G = L) "'L(X). Then we have

(@)

) :
(c):
(d):
(e) :

|62A% ) + |GV A% P < La+ 200 + Bryrus

A% o Al <

|Tr (AS; o AXY)|

121(cond(c)) (14263 1402w

[ Tr (AXC 0 AT)| <
|Tr (AX; 0 AT)| <

IA

200(1—p)t
121(1+42k)3cond(G)(1+B7)*r* 1

200(1—B)T

>

>

94/ cond(G)(1+2x)2(1+B7)3/2r3/2

94/ cond(G) (14202 (1+87)3/2r32 .

5/(1-p)r

5/(1-p)t

” G 12A%, ” ||G1/2A§'1 ” < - <|| G 2%, H2 + HGI/ZA?I ||2)

(22)

(23)
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Proof: Using Lemma 4.7 and (10), we have

|G120% | + || G2 4% |* = |G1/2A%, + G2 A% |* — 2Tr (A% o AS)
<A+ porn+ 0 +20)1 + ryrp < L1+ 2000 + Bo)rp,

which follows the inequality (a). From the first part and Lemma 4.1, we derive

|A%; 0 AT3|| < Ti/cond(G)(1 + 2k)(1 + BT)rpc.

In the same way as the proof of Lemma 2 in [27], from Lemma 4.3 and the previous inequality, we
obtain

|G2A% | + || GV2A5|” < (1 + 2) | GV AXE + G2 AT |
(14 2k)

—1/2 ~ o~ |2 ~  a~12
= (1+20 |[LELE) ™ (—a% 0 4%) | = 2 A% 0 AT
( ) W = 0= Fw
- 121(1 + 2)3cond(G) (1 + B1)*r*u (24)
- 100(1 — B)t '
Using Lemma 4.1 in (24), the inequality (b) is obtained.
Since [Tr (A% 0 A%)| = 4 (] 671/22% > + | G/24% ), it follows that
|Tr (AIC . A"s'c)| _ 121(1 + 2k)3cond(G) (1 + B1)*r*u
- 200(1 — B)t ’
Using (a) and (24), it readily follows that
|Tr (A% o ATY)| = |Tr ((G™'/2A%;) o (G/2ATY))|
< |G 12a%| |62 A% < 94/cond(G)(1 + 2)*(1 + )32
- - 5/(1 — B)t
Similarly, we have
~ ~ 94/ cond(G)(1+2x)2(14+87)3/23/2
‘Tr (A53 o Axf)‘ < VOETIE .
This completes the proof. O
From (24), Lemmas 4.1 and 4.10, we have
~ ~ 9(142x)2cond(G) (1+B7)*2r3/2
IAnIIAsT = 2 Sﬁ(l_ﬁ)f )3/243/2 , (25)
~ ~ 9(142k)“cond(G)(1+pt /e
A% 1A% < nliin .

Lemma4.11: The maximum size §, that keeps (10), satisfies

1

§> ————— 1= .
~ 25w (1 + 2k)rl/2 0
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Proof: Using Lemma 4.9, we have
Tr (Ax3 o A53) + E(l +2k)(1 + Br)rp = 6°Tr (Ax1 o Asl) + (1 —6)"Tr (sz o Asz)
3
+8(1 — 8)Tr (A% 0 A%, + A5) 0 A%) + 5(1 +26)(1 + BT)ri
2 1 2 3.2 2 1
>46 —Ew A4+2¢)r"n )+ 1 —=95) —E(l + 2k)(1 4 Br)rp
3
+8(1—5) (—2w,/1 FBT(1 + 2K)2r3/zu) + 2+ 2001+ froru
2 1 2 3.2 1
>4 —3@ (I+2)rw) — 5(1 +2)(1+ Br)rp
3
—28wy/1+ Br(1+2c)°r3? + g(1 +2K)(1 + Br)rp

=—(142)rp Bazwz(l +26)%r + 28wy/1 + BT(1 + 2k)r'/? — 1—10(1 + ,BI):|
= —(1 4+ 2k)ruf(8).

In order to find a lower bound for § satisfying (10), it suffices to obtain 8§ such that f(§) < 0. The
quadratic equation f(§) = 0 has a unique positive root

—2w+/1+ (1 + 20)r12 \/ga)«/(l + BT)(1 + 2/c)r1/2

5 =
(1 4+ 2K)*r

1
S
= 25w(1 + 21)rl/2

which follows the desired result. O

From (16), it is obvious that

Jr—1

) =pul@) =u+a [(T — D+ Tr(t e —'Eo§)+i| + %Tr(AE(a) o As(a)). (26)

Lemma4.12: Let B < 1/2 and t < 1/4. Then the maximum step size o such that ju(«) decreases in
[0, o], satisfies

(1-p) yT—Pr—7
5 (cond(G))l/3 (14 2x)(1 + BT)3/4r1/3
Proof: From (17), (26) and Lemma 4.6, we obtain

= 5{0.

Jr—1

~ 1 ~ ~
W@ =@ —-Du+ Tr(tpe — X 03T + —Tr (AX(x) o AS(a))
r
-1 3a? - ey 403 ~
T —p+ v \/;ﬂtu—i—iTr (Ax3oA§'c+A53oAxC)+iTr(AxCoAfs'c)
r r r

A

302 ~ ~ ~ 40 ~
(t+Br—1)pu+ —Tr (AX3 0 AT + AS3 0 AX) + —Tr (AXC 0 ATF)

o2 54./cond(G)(1 + 2k)2(1 + B1)3/%¢1/2
5/ —pB)t
4o 121(1 4 2«)3cond(G) (1 + ﬁf)zr]
¢ 50(1 — B)T ’

IA

<[(z+pr-1)+

(27)
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where the third inequality follows from Lemma 4.10. Let f; () be defined as follows:

fi@) = (z + Bt — 1) 4 @222V ONIOUH 20’ + pr)*r 2

5/(1 — B)t
e 121(1 4 2k)3cond(G) (1 + B1)*r
o .
50(1 — B)t
Therefore,
- B 54((1-p)7) /O (1-pr—7) | 121(1—pr—1)*?
fl (a()) = (T + ,BT 1) + 125(C0nd(G)>1/6r1/5 6250(1+B7)1/4 <0,
which implies that for all & € [0, @], #/(«) < 0. This completes the proof. O

In the following, we give a sufficient condition to keep all the iterates in the neighbourhood
N (z, B). In order to keep the iterates in this neighbourhood, we need the following lemma.

Lemma 4.13: Let 0 < u(«) decreases in [0, a]. Then we have

|(cn@e—T@) | = (1 = ay?) prute o< 1/,
H (tp(@)e — T(a))+H -0 ifa > 1//7.
Proof: The proof is similar to the proof of Lemma 5.8 in [15], therefore it is omitted. O

Lemma4.14: Let B < 1/2, v < 1/4 and & be as defined in Step 6 of Algorithm 1. Then

VBT (- pr)'”
5(1 4 2k)+/cond(G) (1 + BT)3/4r1/2

a > = &0.

Proof: If @ > 1//7, then we have & > &°, which follows the lemma. Thus, we will restrict ourselves
to the case where & < 1/4/7.
Using (17), (25), Lemmas 2.6, 4.10 and 4.13, we have

H (tie(@)e — F(@) o) H < H (tiwe@)e — T(a)* H ¥ H (A% (@) o A¥(@))” H
5 18(1 4 21)2cond(G) (1 + B1)*/2r3 2
5/(1 =Pt
4ot 121 (cond(G))3/2 (1+26)3(1 + ,31,')21'2;4.
20001 — B)e

< (1-av7) pru(@) +a

(28)
Using (26) and Lemma 4.10, we have

@) 2 i e = D+ T (AX(@) 0 AT@)

3 4
>+ ot — D — = (|Tr (A% 0 AF)| + |Tr (8% 0 AF)|) — 2 |Tr (AF 0 AT
r r

e 18(1 + 2k)%4/cond(G)(1 + B1)3/2r1 /2
5/(1 =Bt
4121 (cond(G)) (1 +26)*(1 + Br)’ru
e 200(1 — B)t '

>[1+ax—-D]u

(29)
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From (28) and (29), we obtain

L2180+ 21)%cond(G) (1 + B1)321r3 /2

[ I I

5/ = Bt
L 121 (cond(6)) ™ (1 4 26)3(1 + Br) 2
+ o 2000 = B)r — a/rBru(a)
5 18(1 + 2«)2cond(G) (1 + B7)*/r
< avrpen(« e

e (cond(@)™? (1 + 26)*(1 + 1)
o

20087(1 — B)t
L o3 180+ 20)%Veond(G) (1 + pr)*r!/?
5/0 =Pt
4121 (cond(G)) (1 4 21)*(1 4 B1)*r
o 200(1 — B)t

Thus, it is easily concluded that

18 ((1 — pyr) "/ 121/t
125 + 25000(1 + Br)l/4
18 (1) VT = Brt 121 (p7)* (1 — pyr)
625(1 + 2x)cond(G) (1 + Bt)3/4r + 125000(1 + 2«)cond(G)(1 + BT)r
E-pr)Pa-n
5(1 + 2k)+/cond(G) (1 + B1)3/4rl/2 -

frlag) =

From (30) and (31), we have for all « € [0, &°],

| (et —F@ o%@) | < pruc@.

Yol —1)— 1) = a/rBTIh (@)

(30)

(31)

Then, by Lemma 2.5, we have det(¥(«r)) # 0and det(5(ex)) # 0 forall € [0, &°]. Since det(¥(0)) =
det(X) > 0 and det(5(0)) = det(s) > 0, by continuity, it follows that in this interval X(«) € int K and
S(a) € int K. On the other hand, since 8 < 1/2 and 7 < 1/4, we have &y < &. This completes the

proof of the lemma.

4.1. Polynomial complexity

In this subsection, we present the polynomial complexity for Algorithm 1.

Theorem 4.15:  The Algorithm 1 terminates in

(0] (x/cond(G)(l + K)Zrlog s_l)

O

iterations with (x*, s€) such that ||sk — AR — q” <e ||50 — A% — q|| and (x*, s5) < e(x0, $9).
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Proof: In the same way as the proof of (27), using Lemmas 4.10 and 4.12, we can easily verify that
(@) < p(@o)
~ r—=
= pn+a [(r— D+ r

\/;_

1Tr ((tue -X oAs‘)+)i| + %Tr (A%(&O) o A?(&o))

< u+ & |:(r—1),u+ 1Tr((rue—§o§)+):|

A

4
+ aTO (|Tr (A%; 0 ATF)| + |Tr (AT; 0 AXY)|) + % |Tr (AXS o ATY)|

.2 18+/cond(G)(1 + 2x)2(1 + B1)3/21/2
5/0 =Pt

)]/.L (32)

<[1—-éo(1—7—Br—4;§

1210+ 2k)3cond(G)(1 + Bt)?r
%o 2001 — B)t

VBT (1-p)r)'?
5(1+426)+/cond(G) (147)¥/4r1/2

I - 1/6 3/2
w@ < |1—ao(1—7—pgr— 18 () (1 =p) " 121 (B7) )
L 125¢/cond(G)r1/2 25000+/cond(G)(1 + B1)1/4r1/2

Tioafs g 18 121 [y g (21270 i
— & —T—-pfr-— - — —a T —ft
ol 125 25000) | " = ?\ 25000 .

0BT ((1—p)r)"” ]

Substituting &g = into (32), we have

< _
- 10(1 + k)+/cond(G) (1 + B1)3/4rl/2
where 6 = (3222 — v — Br).

Thus, the inequality (&) < eu® holds if

1/3 k
1— 0Fe(d—p)r) < e, (33)
10(1+k)+/cond(G) (14p7)3/4r1/2

3/4.,1/2 —1
10(1+K)/\/C0nd(G)(1+/3T)1/3 2 loge then (33) holds.
0/BT((1-B)7)

from Remark 2, we have

It is easy to verify that if k >

_ 1
Let 8o = oo a0

k
v sk — AR —q| i ok
=—=|| 1-8a)y<(1-6 ,

9= G — g~ L1070 = (1= o)

which implies that pf < & when k > %8¢ :

The desired result immediately follows from the above inequality. O

To obtain complexity of the algorithm for the NT search direction and the xs and sx search
directions, we use Theorem 4.15 and Lemma 4.2.

Corollary 4.16: If the NT search direction is used, the iteration complexity of Algorithm 1 is

O ((1 + k)*rloge™"). If the xs and sx search directions are used, the iteration complexities of Algorithm
1 are O((1 + Kk)2r3/2 loge™).
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5. Concluding remarks

In this paper, we have presented and analysed a predictor-corrector infeasible-IPM based on a wide
neighbourhood for the Cartesian P, (x)-SCLCP. Using the theory of Euclidean Jordan algebras and
some elegant tools, we proved the convergence of the algorithm for a commutative class of search
directions that coincides with the currently best-known theoretical complexity bounds for infeasible-
IPMs for the Cartesian P, (k)-SCLCP. Compared with the results in [19,21], the complexity bound is
reduced by a factor of .
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