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Abstract
In surface-mounted PM machines, the cogging torque and the low-order harmonics of the air gap magnetic flux density are 
the main sources of the torque pulsation. These variables are strongly influenced by the distribution of the PMs on the surface 
of the rotor as well as the PMs’ magnetization. In the presented work, the impact of the arrangement of the PMs and the 
PMs’ magnetization pattern is studied. The PMs are arranged by some techniques such as PM arc optimization, PM shifting, 
PM segmentation and applying mixed material PMs. In addition, the parallel and radial magnetizations are investigated. For 
this purpose, the air gap flux density and cogging torque in the slotted SPM machines are predicted analytically. Using the 
analytical model and applying a direct search algorithm, the optimum arrangement for each technique is found. Moreover, 
to perform a multi-objective optimization, a weighted normalization method is applied. Finally, the proposed model and the 
obtained results are validated by finite element analysis.

Keywords  Analytical modeling · Multi-objective optimization · PM segmentation · PM shifting · Surface-mounted PM 
motors · Parallel and radial magnetization

List of symbols
Rr	� Rotor radius (m)
Ro	� Stator external radius (m)
RPM	� Permanent magnet region radius (m)
Rs	� Stator bore radius (m)
hPM	� Height of permanent magnet (m)
hslot	� Height of stator slot (m)
bo	� Slot opening distance (m)
γs	� Slot pitch angle
γso	� Slot opening angle (rad)
g	� Air gap length
υi+/υi−	� Angle of right/left side of the ith slot opening 

(rad)
τp	� Pole pitch angle (rad)
α	� The ratio of the PM arc to the pole pitch
p	� Machine pole pairs
Tcog	� Cogging torque (N m)
μ0	� Free space permeability
θr	� Rotor angular position (rad)

lstk	� Machine stack length (m)
Brem	� Permanent magnet remnant flux density (T)
r/φ	� Radial/angular values in the cylindrical 

coordinate

Vectors
ar/aφ	� The unitary, normal vectors in the radial/circum-

ferential direction
B	� Magnetic flux density (Wb/m2)
J	� Real current density (A/m2)
H	� Magnetic field intensity (A/m)
Jm	� Volume EMC density (A/m2)
Jms	� Surface EMC density (A/m)
M	� Magnetization vector (A/m)

1  Introduction

Surface-mounted PM (SPM) motors are attractive actuators 
because of their merits such as high power density, high 
efficiency and having a brushless structure. However, the 
torque pulsation is an important disadvantage of the SPM 
machine. The main problem of the pulsating torque is the 
vibration and acoustic noise [1]. The main source of the 
torque pulsation is the machine cogging torque and the 
harmonic contents of the air gap flux density. In particular, 
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the low-frequency harmonics of the air gap flux density 
have more influence on the torque pulsation. In the SPM 
machines, the cogging torque and the low-order harmonics 
of the air gap magnetic flux density are strongly influenced 
by the distribution of the PMs on the rotor surface [2]. For 
this purpose, different techniques such as PM shaping [3–7], 
pole arc optimization [8–12], PM shifting [9, 10] and PM 
segmentation [11, 12] methods are applied.

Although PM shifting method mitigates cogging torque, 
it destroys the half-odd symmetry in the PM magnetization. 
Consequently, undesired even-order harmonics of the air gap 
magnetic flux density are produced. This feature of the PM 
shifting method is disregarded in [9, 10].

In [13], PMs with different materials are integrated to 
achieve a desired air gap flux density distribution. This 
technique is termed as the mixed material PMs. The mixed 
magnet material method is employed to reduce the total har-
monic distortion (THD) of the air gap flux density [13]. In 
addition, this technique is an effective method for reducing 
the machine torque ripple.

The PM segmentation is the other well-known method to 
reduce the cogging torque [11, 12]. However, it deteriorates 
the spectrum of the air gap flux density. This aspect of the 
PM segmentation method is not considered in [11]. In [12], 
finite element analysis (FEA) is used as the computational 
tool in the multi-objective optimization of the air gap mag-
netic flux density THD and the cogging torque, by means of 
the PM segmentation method. In [14], PWM arrangement 
of the PMs is applied to minimize the harmonics of the air 
gap flux density by using FEA and MATLAB optimization 
toolbox. However, the machine cogging torque is not con-
sidered in [14].

To study the effectiveness of the aforementioned tech-
niques, analytical or FEA methods could be applied. 
Although the FEA is an accurate method, it needs heavy and 
time-consuming computations. This issue is not appropriate 
for the first design optimizations.

In the presented work, the analytical model for the slotted 
SPM machines with radial magnetization pattern proposed 
in [15] is extended to study the machines with more diversity 
in the magnetization. For this purpose, the mentioned PM 
arrangements are geometrically formulated. The adopted PM 
arrangements are PM shifting, mixed material PMs and PM 
segmentation. The developed model is used as the compu-
tational tool to optimize the arrangement of the radially or 
parallel-magnetized PMs. Since both cogging torque and 
THD of the air gap flux density are needed to be considered 
in the optimization process, a multi-objective optimization 
is implemented. In the optimization process, a direct search 
method is applied to find the optimum arrangement of PMs. 
Since the objective functions in the multi-objective optimi-
zation are not in the same unit, a weighted normalization 
technique is applied. It is shown that the PM shifting and the 

mixed material PM result to the lowest cogging torque and 
the air gap flux density THD, respectively. Considering both 
flux density THD and machine cogging torque as the objec-
tive function the mixed material PM is found to be the best 
solution. Finally, the obtained results are validated by FEA.

2 � Modeling of the PM arrangements

The PM magnetization is considered in the vector form as 
(1).

In all considered PM arrangements, the Fourier series of 
the radial and circumferential components of the PM mag-
netization are expressed as (2) and (3), respectively.

where the subscripts r, φ, s, c and n denote the radial 
component, the circumferential component, the sine and 
cosine terms and the harmonics order, respectively. The 
base arrangement of PMs in the SPM machine is shown in 
Fig. 1a. The radial and parallel magnetization pattern of PM 
is shown in Fig. 1b. In the base arrangement, the arc angle of 
the PM is chosen as the optimization variable. The Fourier 
coefficients of the PMs magnetization in this arrangement is 
as (4) and (5) for the radial and parallel magnetization pat-
terns, respectively, where X and Y are defined in (6).

The PM radial and circumferential components of the 
magnetization function of the radial and parallel magneti-
zation patterns are shown in Fig. 1c and d, respectively.

As well as the base arrangement of PMs (Fig. 1a), three 
other of the PM arrangements are considered in this study. 

(1)�(r,�, �r) = Mr(r,�, �r)�� +M�(r,�, �r)��

(2)

Mr(r,�, �r) =

∞∑
n=1,2,…

[
Mrcn cos(np(� − �r)) +Mrsn sin(np(� − �r))

]

(3)

Mϕ(r,�, �r) =

∞∑
n=1,2,…

[
Mϕcn cos(np(� − �r)) +Mϕsn sin(np(� − �r))

]

(4)

(
Mrcn,Mrsn

)
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2Brem

�0n�
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n��

2

)
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In the first arrangement, as shown in Fig. 2a, the PMs are 
shifted with angle α0. The Fourier coefficients of the PM 
magnetization functions for the radially and parallel-mag-
netized PMs are obtained as (7) and (8), respectively.

The radial and circumferential components of the mag-
netization function of the radial and parallel magnetization 
patterns of the shifted PMs are illustrated in Fig. 2b and c, 
respectively.

(7)

[
Mrcn,Mrsn

]
=

2Brem

�0n�
sin

(
n��

2

)
(−1)n

[
1 − cos(np�0),− sin(np�0)

]
[
M�cn,M�sn

]
= [0, 0]

(8)

[
Mrcn,Mrsn

]
= (−1)n

2pBrem

�0�
(X + Y)

[
1 − cos(np�0),− sin(np�0)

]

[
M�cn,M�sn

]
= (−1)n

2pBrem

�0�
(X − Y)

[
− sin(np�0), 1 − cos(np�0)

]

In Fig. 3a, the rotor with the mixed material PMs is 
shown. In this arrangement, a strong PM with the rema-
nence of Brem2 (NdFeB with high remnant flux density 1.2 T) 
is sandwiched between two weak PMs with the remanence 
of Brem1 (Ferrite with high remnant flux density 0.3 T). The 
aim of using mixed PM materials is decreasing the harmonic 
components of the PM magnetization to reach lower cog-
ging torque and to obtain more sinusoidal back-EMF. The 
arc angles of the strong and weak PMs are as α1τp and α2τp, 
respectively, where τp is the machine pole arc. The Fourier 
coefficients of the magnetization function of the mixed mate-
rial magnetization function are reported in (9) and (10) for 
the radially and parallel-magnetized PMs, respectively.

(9)

Mcrn =
2(1 − cos(n�))

�0n�

(
Brem1 sin

(
n�(2�1 + �2)

2

)

+
[
Brem2 − Brem1

]
sin

(
n��2

2

))

Msrn = 0, Mϕ(r,�, �r) = 0

Fig. 1   Base arrangement of PMs (a), radially and parallel-magnetized 
PMs (b), and magnetization functions in radial (c) and parallel (d) 
directions

Fig. 2   PM-shifted structure. Geometrical structure (a), the radial (b), 
and parallel (c) magnetization
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The PM magnetization components of the radially and 
parallel-magnetized mixed material PMs are shown in 
Fig. 3b and c, respectively.

The structure of the PM-segmented rotor for two, three 
and four PM segments is shown in Fig. 4a–c, respectively. 
The PM magnetization components for the two-, three- and 

(10)

[
Mrcn,Mrsn

]
= p(X + Y)(1 − cos(n�))

×

[
Brem2 + 2Brem1 cos

(
n�(�1 + �2)

2

)
, 0

]

[
M�cn,M�sn

]
= p(X − Y)(1 − cos(n�))

×

[
0,Brem2 + 2Brem1 cos

(
n�(�1 + �2)

2

)]

Fig. 3   Rotor with the mixed material PMs. Geometrical structure (a), 
the radial (b) and parallel magnetization (c)

Fig. 4   PM segmentation method for a two-, b three-, c four-segment 
structures

Fig. 5   Magnetization of the structures with a two-, b three- and c 
four-segment radially magnetized PMs
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four-segment PMs with the radial magnetization pattern are 
shown in Fig. 5a–c, respectively. In Fig. 6a–c, the magneti-
zation of the two-, three- and four-segment parallel-magnet-
ized PMs are shown, respectively. The Fourier coefficients of 
the magnetization function for two-, three- and four-segment 
radially magnetized PMs are obtained as (11), (12) and (13), 
respectively.

(11)

(
Mrcn,Mrsn

)
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�0n�
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(
sin

(n��1
2

)
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(n��2
2

)
, 0
)

Mϕ(r,�, �r) = 0

The Fourier coefficients of the magnetization function 
of the segmented parallel-magnetized PMs are expressed 
in (14).

where U and V for two-,three- and four-segment PMs are 
expressed in (15), (16) and (17), respectively.

3 � Analytical modeling

In deriving the analytical model, the Poisson equation is 
solved by the method of the separation of variables. To con-
sider the impact of the stator slots on the air gap flux density, 
the method in [15] is adopted. In this method, the slotted 
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Fig. 6   Magnetization of the structures with a two-, b three- and c 
four-segment parallel-magnetized PMs
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SPM machine is replaced with a slotless machine and an 
equivalent magnetization current (EMC) sheet at the stator 
bore. The equivalent slotless machine is simply obtained 
by filling the slots of the slotted machine. In the analytical 
modeling process, the following assumptions are made.

•	 The PM relative magnetic permeability is 1.
•	 End effects and magnetic saturation are neglected.
•	 The two-dimensional Poisson equation is solved by the 

separation of the variables method.
•	 Both radially and parallel-magnetized PMs are studied.

The flowchart of the work is shown in Fig. 7. Since ana-
lytical expressions are provided for the electromagnetic 
variables, the algorithm converges very fast in only a few 
numbers of iterations.

In the used analytical model, the concept of the equivalent 
magnetizing current (EMC) is adopted for modeling of the 
slotted armature [15]. In this model, the no-load air gap flux 
density is due to the PMs and the EMCs as expressed in (18).

The radial and circumferential components of the air gap 
flux density due to the PMs are as (19) and (20), respectively 
[15].

(18)
Br(r,�, �r) = BrPM(r,�, �r) + BrEMC(r,�, �r)

B�(r,�, �r) = B�PM(r,�, �r) + B�EMC(r,�, �r)

(19)

BrPM = −

∞∑
n=1,2,..

�0

r
(rnp + R

2np

s
r
−np)

×
[
acn cos(np(� − �r)) + asn sin(np(� − �r))

]

where acn and asn are defined in (21) and (22), respectively.

In addition, the radial component of the magnetic flux 
density in the stator back-iron due to the PMs is obtained 
as (23).

To obtain the flux density caused by EMC in the slot-
less machine, the Poisson equation in the air gap region 
(Rr< R < Rs) is solved, and the radial and circumferential 
components of the air gap flux density due to the EMC yield 
as (24) and (25), respectively.

where Jsn and Jcn are the sine and cosine Fourier coefficients 
of the EMC, and Yn is defined in (26).

The radial magnetic flux density in the stator back-iron 
due to the EMC is obtained as (27), where Cn is defined in 
(28).

(20)
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r

)
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(
R
2np

r − R
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R
−np+1
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+(1 − np)(Mrcn +Mϕsn)R
np+1
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−2(Mrcn − npMϕsn)R
np+1
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BrEMC = −

∞∑
n=1,2,..

Yn(r
np−1 + R2np

r
r−np−1)(Jcn cos(np�) − Jsn sin(np�))

(25)

BϕEMC =

∞∑
n=1,2,..

Yn(r
np−1 − R2np

r
r−np−1)(Jsn sin(np�) + Jcn cos(np�))

(26)Yn =
−�0R

np+1
s

R
2np
r − R

2np
s

Removing the stator teeth and finding the air gap flux density 
of PMs in the slotless machine by (19), (20) and (23)

Computation of the EMC using (34)

Updating the air gap flux density due to the surface currents 
in the slotless machine by (24), (25) and (27)

Convergence of EMC?

Adding the air gap flux density of the EMC and the 
PM computing the cogging torque by (35)

Y

N

Updating the EMC using (29)

Fig. 7   Proposed algorithm of the modeling process
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As explained in [15], the EMC is obtained in an iterative 
algorithm with zero initial values. The Fourier series of the 
EMC is expressed in (29).

where Jυi+/− is the equivalent magnetizing surface current 
density at the right/left side of the ith slot. The values of 
υi+/− and Jυi+/− are expressed in (30) and (31), respectively 
[15].

where Δθ is considered one-tenth of γso.

4 � Multi‑objective optimization

4.1 � Objective function

Since analytical expressions are developed for the different 
PM arrangements, the direct search method is applied easily 
to find the optimum solutions. The used objective function 
is expressed in (32).

where f1 is the maxim value of the machine cogging torque, 
f2 is the THD the radial component of air gap flux density, 
and W1 and W2 are the considered weight for the functions 
f1 and f2. The functions f1 and f2 are defined in (33) and (34).

(27)

BrEMC - stator(r,�, �r) =

∞∑
n=1,2,..

C
n
(r)

[
Jcn(�r) cos(np�) − Jsn(�r) sin(np�)

]

(28)Cn(r) = Yn
R
2np
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2np
s

R
2np
s − R

2np
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(29)

EMC(�r,�) =
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n=1,2,…

Jsn(�r) sin(np�) + Jcn(�r) cos(np�)

Jcn(�r) =
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i=1

�n
[
J
�i+

(�r) cos(np�i+) + J
�i−

(�r) cos(np�i−)
]

Jsn(�r) =

Qs∕(p)∑
i=1

�n
[
J
�i+

(�r) sin(np�i+) + J
�i−

(�r) sin(np�i−)
]

�n =
4

n�
sin

(np
2
Δ�

)

(30)�i± =
(2i ∓ 1)�s − �so

2
, i = 1, 2,… ,Qs

(31)J�i±(�r) = ±
(Rs − r)

Δ��0
∫

Rs+hslot

Rs

BrEMC - stator(r, �i±, �r) + BrPM - stator(r, �i±, �r)

(x − r)
dx

(32)F = w1f1pu + w2f2pu

where the subscript i denotes the ith harmonics in the radial 
component of the air gap flux density. Using the predicted 
air gap flux density components in the Maxwell stress tensor 
definition [16], the machine cogging torque is obtained as 
(35), where r is the radius of the Maxwell surface.

Since f1 and f2 are variables with different units, they 
have to be normalized before substituting in (33). The used 
method for the normalization is expressed in (36) [17].

where g(x) is the desired function for normalization, x is the 
independent variable, and Gmin and Gmax are the minimum 
and maximum values of g over the search space domain.

(33)f1 = max(Tcog)

(34)f2 =

�∑
i=2 B

2
ri

��Br1
��

=

�∑
i=2 B

2
rsi
+ B2

rci

��Br1
��

(35)

Tcog(�r) =
Lstkr

2

�0
∫

2�

0

Br(r,�, �r) ⋅ B�(r,�, �r) ⋅ d�

= 2�pLstk

∞∑
n=1,2

Y
n

(
R
2np
s

− R
2np
r

)
((acnJcn + asnJsn) sin(np�r)

+ (asnJcn − acnJsn) cos(np�r))

(36)gpu(x) =
g(x) − Gmin

Gmax − Gmin

Table 1   Parameters of the considered SPM machine

Parameter Symbol Value

Machine pole pairs p 2
Stator inner diameter Rs 29.75 mm
Stator outer diameter Ro 40 mm
Rotor radius Rr 24.5 mm
Permanent magnet radius Rpm 29 mm
Number of stator slots Qs 12
Machine stack length Lstk 40 mm
Machine air gap length g 0.75 mm
PM remnants flux density Brem 0.38 T
Slot height hslot 5 mm
PM thickness hm 4.5 mm
Slot opening distance b0 2 mm
Remnants of the strong PM Br2 0.38 T
Remnants of the weak PM Br1 0.25 T
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4.2 � Optimization results

The predefined data of the considered SPM machine for the 
optimization process is reported in Table 1. The step and 
the range of the changes of the optimization variables in 
the different PM arrangements are reported in Table 2. The 
optimized variables and the related objective functions in 
the different PM arrangements with the radial and parallel 
magnetization patterns are reported in Table 3.

5 � Result verification

In order to investigate the correctness of the obtained results, 
they are compared with FEA. Since the number of the inves-
tigated PM arrangements is high, due to the space limits, 
only some cases are investigated. All the illustrated results 
are for the optimized geometries reported in Table 3. In 
Fig. 8a and b, the air gap flux density components for the 
optimized PM-shifted structure with parallel and radial mag-
netizations are shown, respectively. The air gap flux density 
components for the optimized mixed material PM with par-
allel and radial magnetizations are illustrated in Fig. 8c and 
d, respectively.

The analytically obtained cogging torque, for the opti-
mized machines with the PM-shifted arrangement, mixed 
material PM and three-segment and four-segment PMs, is 
shown in Fig. 9a–d, respectively. As shown in Fig. 9, the 
most effective method in cogging torque reduction is the 
simplest one, i.e., the PM shifting method. In addition, the 
mixed material PM arrangement is significantly more effec-
tive on the cogging torque mitigation than the PM segmen-
tation. The cogging torque could be obtained by using the 
air flux density component and applying different methods 
such as Maxwell stress definition [16], energy derivation 

Table 2   Step and the range of 
the variation of the optimization 
variables

PMs arrangement Variable Step of changes The range of the changes

The base arrangement α 0.01 [0.6 − 0.9]

PM shifting α 0.01 [0.6 − 0.9]

α0 1° [0 − (1 − �) ∗ 90
◦

]

Mixed material PM α2 0.01 0.6 < 2𝛼
1
+ 𝛼

2
< 0.9

α1 0.01 0.05 < 𝛼
1

Two-segment PM α1 0.01 0.6 < 𝛼
1
− 𝛼

2
< 0.9

α2 0.01 0.05 < 𝛼
2

Three-segment PM α1 0.01 0.6 < 𝛼
1
− 𝛼

2
− 𝛼

3
< 0.9

α2 0.01 0.3 < 𝛼
3

α3 0.01 0.05 < 𝛼
2
− 𝛼

3

Four-segment PM α1 0.01 0.6 < 𝛼
1
− 𝛼

2
− 𝛼

3
+ 𝛼

4
< 0.9

α2 0.01 0.3 < 𝛼
3
− 𝛼

4

α3 0.01 0.05 < 𝛼
2
− 𝛼

3

α4 0.01 0.05 < 𝛼
4

Table 3   Optimum values and the obtained objective functions for the 
different PM arrangements and different magnetization patterns

PM arrangement Variables Radially mag-
netized

Parallel mag-
netized

Base arrangement α 0.7 0.76
f1 (N m) 0.022 0.017
f2 23% 23%
F 0 0.068

PM shifting α 0.69 0.74
α0 4 (°) 4 (°)
f1 (N m) 0.003 0.007
f2 24.7% 25%
F 0.003 0.025

Mixed material PM α1 0.16 0.165
α2 0.52 0.55
f1 (N m) 0.007 0.01
f2 13% 11%
F 0.047 0.014

Two-segment PM α1 0.76 0.81
α2 0.06 0.08
f1 (N m) 0.0134 0.0237
f2 39.5% 41.6%
F 0.052 0.1488

Three-segment PM α1 0.7 0.95
α2 0.4 0.65
α3 0.35 0.59
f1 (N m) 0.0503 0.0228
f2 27.3% 26.3%
F 0.2126 0.0441

Four-segment PM α1 0.87 0.89
α2 0.57 0.58
α3 0.51 0.53
α4 0.05 0.06
f1 (N m) 0.014 0.0131
f2 43% 37.6%
F 0.1044 0.0409
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[18] and the slot lateral force methods [19]. It should be 
noted that based on the method of flux density computation 
and other specifications of the used methods, the mentioned 
methods may result in different cogging torque waveform as 
discussed in [20].

Using the analytical model, the harmonic spectrum of the 
radial component of the air gap flux density is studied for 
different PM arrangements. In Fig. 10a and b, the harmonic 

Fig. 8   Air gap flux density components for a PM-shifted parallel-
magnetized, b PM-shifted radially magnetized, c mixed material 
parallel-magnetized PMs, d mixed material radially magnetized PMs
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Fig. 9   Cogging torque for a PM-shifted PM. b mixed material PM, c 
three-segment PM, d four-segment PM
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spectrum for PM-shifted and the mixed material PM meth-
ods is shown, respectively. In Fig. 11, the harmonic spectra 
for two-, three- and four-segment PMs are illustrated.

As shown in Table 3, in the PM segmentation method, 
the THD of the air gap flux density in the three-segment 
PM is lower than the THD of the two- and four-segment 
PM arrangements. On the other hand, the machine cogging 
torque in the three-segment PM is higher than the cogging 
torque in the two- and four-segment PMs. In other words, 
a low value of the flux density THD does not result in a 
low value of cogging torque necessarily. In fact, the cogging 
torque depends on the derivative of the co-energy. The co-
energy is a function of THD. Therefore, the cogging torque 
depends on the derivative of THD. It is obvious that the PM 
shifting method includes more harmonic contents.

Against the other PM arrangements, in the PM-shifted 
arrangement, the presence of the even harmonics is observ-
able. In addition, the PM segmentation method increases, 
considerably, the harmonic content of the air gap flux den-
sity. Moreover, the mixed material PM arrangement is the 
best method as far as the harmonic spectrum is an important 
issue.

6 � Conclusion

In this work, the SPM machine with different arrangements 
of the PMs is studied.

The PM arrangements are optimized to reach a structure 
with a low value of the cogging torque and small THD of 
the radial component of the air gap flux density. The PM 
shifting method, PM segmentation method and the mixed 
material PMs are the studied arrangements. For this pur-
pose, the geometry of the arrangements is formulated. By 
using an analytical model in a multi-objective optimization 
method, the geometries are optimized. Since the desired 
objective functions are not in the same unit, a normaliza-
tion technique is used in the optimization process. Finally, 
the obtained results are verified with FEA. It is found that 
the PM segmentation method has no merit over the other PM 
arrangements. Although the PM shifting method is the most 
effective method in cogging torque reduction, its THD is 
high. Considering the cogging torque and the obtained THD 
in the air gap flux density, the mixed material PM arrange-
ments are the best one.
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Fig. 10   Harmonic spectrum of the air gap flux density for a PM-
shifted and b mixed material PMs
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Fig. 11   Harmonic spectrum of the air gap flux density for a two-, b 
three- and c four-segment PMs
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