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1. Introduction

The Lipschitz-Hankel identities (integrals) are the Laplace integral transforms of the
product of one or more Bessel functions in the form [1, p. 386]

LB, (1);s) = /Oo e "B, (1) dt, (1.1)
0

where B, is a Bessel or modified Bessel function of order p (or their product). These
integrals are mostly expressed in terms of the hypergeometric and associated Legendre
functions. The associated Legendre functions Pl and QY are the solutions of the associated
Legendre differential equation

¢y  dy s
1—x%)—2 —2x2 4+ (v(v+1) — =0. 1.2

( )dx2 dx <( ) 1-x2)” (12)
We note that in view of the three notations of these functions, we here use the standard
Hobson definition of P and QY [2]. See also the notation of Olver [3] and Barnes [4].
Whenv=n— %, n=20,1,2,..., u € Rand x € (1,00) the solutions of (1.2) are known
as toroidal or ring functions. These functions have the fundamental roles in boundary value

problems in toroidal coordinates, see[5,6]. Motivated by Lipschitz—-Hankel integral (1.1),
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and taking into account the modified Bessel functions of first kind I,

o0 §2k+u
I, = , 1.3
©) ; 2kVEIT (v + k4 1) (13)
and the modified Bessel functions of second kind K, (Macdonald function)
T
K, () = S esemv)llv () — L&), v¢Z (1.4)

we consider the following integral representations for the associated Legendre functions
(1, p. 387]

1
P H (cosh(a)) = F(U—i-—IHI)
X /00 e_tCOSh(O‘)IM(t sinh(a))t'dt, RO+ u) > —1, a > 0, (1.5)
" euni
Q) (cosh(a)) = To—ntl)

x
x / e 'Oh@K (rsinh(a)t’ df, R +1) > R, @ >0,  (1.6)
0

and also the following pair form which can be derived from Whipple’s formula [3, Exercise
12.2] and [1, p. 388]

_1 4
Q;f] (cosh(a)) = e(";)msinh”;(a)\/g

(0.¢]
X/ IO (T, R >0, @>0,  (L7)
0

sinh”f%(a)\/g

Fv—mwlre+pwp

1y
P? | (cosh(a)) =
H=3

o0
x/O e foh@K (e td,  Rw) > (R), «>0. (1.8)

We mention that the above identities have been considered as the emendations of the
Lipschitz—-Hankel integrals presented by Gradshteyn and Ryzhik [7, p. 705, 6.628(4-7)].
See [8] for studying these integrals and their emendations. For the various integral
representations for the associated Legendre functions, the interested reader is referred
to [9, Section 8]. Because, the introduced Lipschitz—Hankel identities (1.5)-(1.8) can be
expressed as the Laplace, Mellin and Kontorovich-Lebedev transforms, we employ the
operational calculi of these transforms along with the different integral representations
of integrands (1.5)-(1.8) to show some new integral representations for the toroidal func-
tions. We use the tables of integral transforms to construct our results in the next sections.
This technique is a simple and effective approach to derive new representations for many
special functions in the applied mathematics and physics, for example see [10,11]. In this
sense, we organize the paper to get new integral representations for the toroidal functions
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in terms of the elementary, Bessel, parabolic cylinder functions and also their products
in Section 2. Section 3 is devoted to the integral representations involving the quadratic
products of the associated Legendre functions and particularly the products of toroidal
functions.

2. Integral representations of toroidal functions
2.1. Integral representations in terms of the elementary functions

Theorem 2.1: For R(u) > —% and R(v + 1) > |N(w)|, the following integral representa-
tions hold for Q} (cosh(@)) :

27 M eMTiginh ™ ()T [“+”+1] 00 2u+1
M . n+1 T
Q) (cosh(a)) = ol ISR
I'(v — w + 1)cosh” () 0o T2+ sinh“(a)
w+v+1 p+v+2 72 )
X oF , i+ 1; ———— ) dr, 2.1
20 < 2 2 19 coshz(a) (2.1)
27K ehmip [":rfl] cosh ™ V")
Qf (cosh(a)) = —
I'(v — u + 1)sinh*™ " (a) sinh(n sinh(c))
/‘OO T2 sin(n1)
X _—
o 72+ sinh?(a)
w+v+1 p+v+2 72 )
X oF , s+ 1 ———— , 2.2
2P < 3 5 0 cosh’ (@) (2.2)
27 M () [“:_:Tl] cosh™ V" H(q)
Q) (cosh(a)) = - -
(v — u + 1)sinh* cosh(# sinh(«))
/‘OO 2+ cos(nt)
X _—
o 12+ sinh?*(a)
w+v+1 p+v+2 72 )
X o F R s+ 1 ——— s 2.3
20 < 2 2 19 coshz(a) (2.3)
Tt (v g4 L
Ql]j (COSh(Q)) _ \/_e (V a 12)
4T (v — w + DT (a) sinh2 ™% ()
00 .L_a—l
« / :
0 (cosh(a) + (t + 1) sinh(a))" %2
1 1 T
X 2Fy <E + W, 5 W as _E> dr. (2.4)

Proof: Using the following integral representations for the Macdonald function (7, p. 917,
8.432(5,8,9)], [7, p. 352, 3.391]

_ T+ pea” /00 cos(x7)
0

1
K, (xz) = dr, N >——, x>0, 2.5
u(x2) i @ 4 2yt () 3 (2.5)
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H —XZ _l 1
K, (xz) = rTXe / _”t"“_f 1+ — ) dr, R > ——, x>0,
V2er(u+ 1) 2

(2.6)
ﬁ X M/oo 1 T2 2 1
K (xz) = ——— (— —— eV T A, R() > —=, x>0,
1 (x2) F(H%)( )O — (W) > =3
(2.7)
—ZX [e.¢] ’
K, (xz) = W/o (VT + 2z 4+ /1)
— (Wt + 2z = V)M e ¥ dr, |argz| <, R(x) > 0, (2.8)

and setting x = tand z = sinh(«) in (2.5)-(2.8) we get the results (2.1)-(2.4), respectively.
It should be noted that for deriving relation (2.1), we employ the identity [12, p. 75, 2.4.2(1)]

o0
/ et cosh(@) cos(tt)t'H dt
0

F(V -+ 1) 1 T
= — 1t , 2.9
(cosh?(a) + 72)(v—n+D/2 o ((v pot Dan <C05h((¥)>) 29)
and use the following well-known identity for establishing the relations (2.2)-(2.4)
* Fp+D
/0 e tstp dt = T, p=v + M. (210)

Theorem 2.2: For R (u) > —3 Land R(v) > |R(w)), the following integral representations
1_
hold for P/i—‘i (cosh(w)) :
2

sinh?~2 (o) T'(p + $)2+2
v+ uw T

/00 cos ((v — 1) tan_l(—cosfl(a))) )
x
0 (cosh?(a) 4 72)(v—mw)/2 (2 + 1),“%

1y
P? | (cosh(a)) =
H=3

dr, (2.11)

sinh’~2 ()

-k +3)

1y
P? | (cosh(a)) =
H=3

/oo U (2.12)
x .
o (t 4 cosh(a) + 1)‘“”‘
Pi_‘:(cosh(a)) = - sinh _i(a)
2 2470 (w4 DI (v — )
1 dr, (2.13)

x/ i
0 VTP41 (cosh(a) +12 4+ 1) o
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2713 sinh"_%(a)f‘(v +1)
p/TT (W — )L + )

[
0 (cosh(e) + T + 1)v+1 '

1y
P? | (cosh(a)) =
3

(2.14)

Proof: The proof of this theorem is similar to the proof of Theorem 2.1. The only
substitutions are z = 1 and x = ¢ in (2.5)-(2.8). [ |

2.2. Integral representations in terms of the Bessel functions

Theorem 2.3: For R(v + 1) > |N(w)|, the following integral representations hold for
QY (cosh(a)). For [R(w)| < 1, we have

21-3 e“”isinh_%_l(oz)

Tv—p+1)e?

Qf (cosh(x)) =

2e¥
sinh ()

X foo V(L) + I (0)) Ku (0K, ( r> dr, (2.15)
0

and for [R(w)| < %, we have

8 17541 —a(¥-1) oo N
Q (cosh(a)) = — \/ECT“S((S f):ﬂz) ! /0 o+ Ky (ry/Bsinh (@)K, | 1 (27 ef) dr.
(2.16)

Proof: For the right-hand side of (1.6), we apply the following integral representations for
the Macdonald function [7, p. 708, 6.634], [7, p. 699, 6.618(3)]

—X

K, (x) = 67/0 e % (I,(1) + [_u(1) Ky (1) dr,

RNx) >0, —1<Nfu <1, (2.17)
22 4/x 2 (® _ 5 1
K, [==)]=—Y" =& XK dr, % 0, [N -
“ (8x) J sec(um) e /O e 2u(zT) dT (%) > IR < 3
(2.18)

and set x = tsinh(«) in (2.17) and x = %, z = 4/8sinh(x) in (2.18). By employing the
following Laplace transform [12, p. 31, 2.2.2(1)

00 } ay (p1)/2
f e BPeTdr=2 (—) Kps12V/as), (@) >0, M) >0,  (219)
0 N

we get the results. |
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Theorem 2.4: For R(v) > |N(w)|, the following integral representations hold for
1_
P/j_j (cosh(w)). For |M(u)| < 1, we have
2

22_%sinh”7%(a)
ST (W — w)C(v + w)(cosh(ar) + 1)v2;1

x f 7V (1u(1) + I (1)K (0)Ky—1 (v/2(cosh(@) + D)) dr,
0

(2.20)

1y
P? | (cosh(a)) =
H=3

and for |N(w)| < %, we have

8«/§sinh”7% (o) cos(ur)
al(v — W)+ M)\/(cosh(oz) + 1)"_%

0 2

1y
P? | (cosh(a)) =
H=3

Proof: The proof of this theorem is similar to the proof of previous theorem for the
Macdonald function in the right-hand side of (1.8). We set x =t in (2.17) and x = %,
z=+/8in(2.18) to get the results. |

2.3. Integral representations in terms of the parabolic cylinder function

Theorem 2.5: For M(v + 1) > |MN(w)|, the following integral representation holds for
Ql (cosh(a)) :

QY (cosh(w)) = 23H+3V=3 sinh* () e#™!

)
X/ e—sinhz(a)r-‘r%fcoshZ(Ot)t%/A-‘r%v—%Dﬂ_v_l( /21_ COSh(O()) dr,
0

(2.22)
where D_; is the parabolic cylinder function given by 7, p. 1028, 9.241(2)]
/OO s~1g P 4t — (27)"3T(s) eh1 D ( a ) %(s) > 0 (2.23)
e t=02n) 2I'(s)edD_g| — ), N(s) > 0. .
0 ) V21

Proof: First we employ the relation (2.19) once again and set x = % and z = sinh®() in
the following integral:
o0 3
[ e I Tl dr =2 ()—C) ?
0 z

K,(2Vxz), N(z) >0, R(x) > 0, (2.24)
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to get

QM(COSh(O[)) = ZM_I sinh“(a) el”fi /00 .[M—l e—sinhz(a)r dr
’ rv—un+1 Jo

0
X/ e~ ar e—teosh(@) v—u g4 (2.25)
0

The result is obtained after considering the following representation for the parabolic
cylinder function. u

Remark 2.6: By taking into account the integrand of (2.22) in the case v = p and
considering [7, p. 336, 3.322(2)]

D_i(z) = \/gefErfc (%) , (2.26)

we get a representation in terms of the complementary error function as follows:

o0
Q) (cosh(w)) = 2"~ 1 /7 sinh" () e””i/ V=3 e Erfc (cosh(a)ﬁ) dr, (2.27)
0
where

Erfc(z) = % / - e 5" de. (2.28)

Theorem 2.7: For R(v) > |N(w)|, the following integral representation holds for
1

p? l:(cosh(o{)):

n=3

23V 3= ginh" "3 (o)
VAT (v + )

o0
x/ e—i(Z—COShZ(O‘))T%”Jf%l‘_lD_va(«/ZI cosh(e))dz. (2.29)
0

1y
P? | (cosh(a)) =
H=3

Proof: We consider (1.8) and substitute x = % and z = 1 into (2.24). We proceed with the
same procedure of previous proof to obtain

211 ginhV=2 (oz)\/g
Fwv—wre+w

[o,0) oo t2
x/ e Tl dr/ e~ teosh(@) o =g pr—p—1 gy (2.30)
0 0

1y
P2 | (cosh(a)) =
H=3

The result is derived after the implementation of the integral (2.23) for the parabolic
cylinder function. |
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Theorem 2.8: For N(v + 1) > |N(w)|, the following integral representations hold for
Q) (cosh(a)) :

255 TP () 4 4 1)

w h —
Q (cosh(@)) I'(v — p + 1)sinh” ™ (@)
oo e—%(z—coth2(o{))
X / ——a D-v-u1(V21 coth(w)) dr, (2.31)
0 T 2z
T (w4 p+1)
Qﬁ(COSh(a)) = v—pu+1

2I'(v — w+ D)sinh™ 2 (@)

oo e—i(ZSinh(a)—cothz(a))
<),
0

T D_,_,—1(y/7 coth(a)) dr. (2.32)
T 2

Proof: We use the following integral representations for the Macdonald function [7, p.
917, 8.432(6,7)]

2

X [P eTTTw /4 5
K, (x) = St /0 e dz, |argx| < X R(x) > 0, (2.33)
xH © z x2 T
K, (x2) = 7/ A le 20 ) dr,  argx| < 7 (2.34)
0

and set x = tsinh(w) in (2.33), and x = t, z = sinh(«) in (2.34). The result is derived after
recalling the integral (2.23) for the parabolic cylinder function. |
Theorem 2.9: For R(v) > |N(w)|, the following integral representations hold for
1_
P2 Vl(cosh(a)) :
H=3

1 1 inh?2
5_%_isinh”_5(a) 00 e—%(l—smh ()

VA=) Sy EoE

1_ 2
P,i,'i (cosh(w)) = D_,_, (/27 cosh(a)) d,
2
(2.35)
sinh”_%(oz) ) e—i(l—sinhz(a))

V2T (v —pw) Jo 7331

Proof: The proof of this theorem is similar to the proof of previous theorem. The only
substitutions are x = ¢ in (2.33),and x = t,z = 11in (2.34). |

Pi:ﬁ (cosh(a)) = D_y_u (/T cosh(@)) dr. (2.36)

2.4. Integral representations in terms of the hypergeometric function

In this subsection, we intend to represent some integral representations for the toroidal
functions in terms of the hypergeometric function

e @)
2F1(a, b; c; z) = HZZO ©, n > (237)

where (), is the Pochhammer symbol.
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Theorem 2.10: For R(v + 1) > |N(w)|, the following integral representations hold for
Q) (cosh(a)) :

_ i . — +v+1
27H eMTiginh ™ (o) T [MM+1 ]

I'(v — 1+ Deosh* ™" (a)

00 .EZ;L-‘,-I
X —
0 124 sinh*(a)

<M+v+lu+v+2 T2 )
X 2Fy 5 ,

Qf (cosh(x)) =

, su+1; (2.38)

2 2 B cosh? ()

27 H enTip [“:r{l] cosh™ V" L(a)

(v — p + 1)sinh#* (@) sinh (7 sinh(e))
g2l sin(nt)

x /0 72 + sinh?(@)

<M+v+lu+v+2 72 )
X 2F) — ,

Qf (cosh(x)) =

(2.39)

2 2 cosh? ()

27 enmier [ 1T | cosh ™~ @)
I'(v — u + 1)sinh* cosh(7 sinh(«))
00 721+ cos(nT)
x ./0 72 + sinh?(@)

w+Hv+1 u+v+2 72 )
X oF ) s+ 1 ———— | dr,
2 1( 2 2 H cosh? ()

VT T +a+ 1)
AT (v — ju 4+ 1)T(a) sinh>~%(a)

Qf (cosh(x)) =

(2.40)

QY (cosh(a)) =

00 .L,a—l
X 1
/0 (cosh(a) + (t + 1) sinh(a))" ™2

1 1 T
x 2F 2 + W, Pk dr. (2.41)

Proof: We recall the Bessel function of first kind

o0

L& =) (-1 (2.42)
veeT L QWK (v + K+ 1’ '

and consider the following integral representation for the Macdonald function [7, p. 679,
6.566(2), 735, 814, 819], [7, p. 735, 6.718(1,2) 814, 819], [7, p. 814, 7.522(2)] and [7, p. 819,
7.542(16)]

B o] .L./H—l ’ 3
K, (x2) = 2 M/o S GOdn x> 000 >0 —1 <0 <5, (243



10 A. ANSARI AND S. ESHAGHI

1—n [e9] T .
Ku(x2) = sinh(nz) Jo 12422 sin(e)]j (o) dr,
3
0<n=<x Nz >0 —1<Ru < 2 (2.44)
z
K, (xz) = cosh(re) Jy 24 22 cos(nt)], (xt)dr,
1
0<n=<x Nz >0 —1<Rp < > (2.45)
_xf o0 1 1 T
K a—f a—1 —xtF - S — s —— d,
(%) = 2“[‘() 2x) /0 T e 21<2+M2 s a 2>t
R(x) > 0, N(a) > 0. (2.46)

We apply the integral (1.6) once again and set x = t, z = sinh(«) in (2.43)-(2.45). If we use
the following Laplace transform for the Bessel function of first kind [12, p. 256, 3.12.1(2)]

o.¢] 12 1
/ e "], (at) dt = % _r [M+p+ }
0

M ghtptl uw+1
+p+1 p+p+2 a*
szl(“ 5 R 5 +1——), Rp+p) > —1, (2.47)

then, we get the relations (2.38)-(2.40), respectively. We note that the notation I'[ ((‘;7’:)) ]is
the ratio of the gamma functions as

(am)] _ [an..am| Hjmzlr(ﬂj)
' [(bn)] = |:bl>~->bn:| B 1'[}7:11"(19]-)’

Also, if we set x = ¢ sinh(«) in (2.46) and use the identity (2.10), the integral representation
(2.41) is obtained. [ |

Theorem 2.11: For %(v) > |N(w)|, the following integral representations hold for
1_

P2 (cosh(a)) :

n=3

2%_“sinh”_%(ot)
VAT (v — )T(1 + p)cosh* ™ ()

oo g2utl +v u+v+1 72
X/ >——2F (M N ;M+1;——2>d‘5,
o T+1 2 2 cosh”(a)

(2.48)

1y
P? | (cosh(a)) =
H=3

23 "“sinh”_%(a)cosh_”_”(a)
VAT (v — w1 + ) sinh(n)

%0 721 sin(n7) w+v p+v+1 72
X — 2k » s+ ————r
0 Tc+1 2 2 cosh”(a)

(2.49)

P l(cosh(a)) =
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21_“sinh”_%(a)cosh_“_"(a)
VAT (v — )T (14 ) cosh(n)

/oo 2+ cos(nT)
X _—
0 72 +1

1y
dr,P? | (cosh(a)) =
ey

w+v u+v+1 72 )
x oF , s+ 1, ————— ) dr, (2.50)
2 ( 2 2 H cosh? ()

sinh"~2 (@)T(w+a— %)
Fv—mwre+wl)

00 7971 1 1 T
X —F | =+ w2 —wsa;—— ) dr.
0 (cosh(a) + 7+ 1)Vt 2 2 2 2
(2.51)

1y
P? | (cosh(a)) =
H=3

Proof: The proof of this theorem is similar to the proof of previous theorem for the relation
(1.8). Here, we substitute x = t, z = 1 into (2.43)-(2.45), and x = t into (2.46). [ |

2.5. Integral representations in terms of the products of the parabolic cylinder and
Bessel functions

1
Theorem 2.12: The following integral representations hold for Q. (cosh(a)) and P;_E
2
(cosh(a)). For R(v + 1) > |M(w)|, we have

Qf (cosh(x)) =

eIl (v + 2) /‘OO e%
222 AT —p+1Jo

sinh?(a) cosh(a)
<T) D—v—2 ( \/E ) d‘L', (252)

x K

(STES

and for R(v) > [R(w)|, we have

1 sinh? ()
1_ inh" 2 r 1 o0 T 1
P (cosh(a) = ot HOTCAD / LKy <_)
H=3 22 g+ wlw—p)Jo rztt 2\8t
cosh(a))
x D_,_ dr. 2.53
v 1( @ ( )

Proof: By substituting x = t2, z = sinh(«) and x = t?, z = 1 into the following relation
[7, p. 713, 6.654]:

o] —é—xr 2
KM(Z\/})ZZ‘\//—’;/O eﬁ K (Z—)dt, (2.54)

8t

(STES

and applying (2.23) as the definition of the parabolic cylinder function, the results are
obtained, respectively. [ |
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The next theorems are related to the Buschman theorem for the Laplace transforms of the

composite functions [13, p. 76, Table A.]. We use the Laplace transform of function t"f (t?)
and establish new representations for the toroidal functions.

Theorem2 13: For |M(w)| < 2, the following integral representations hold for QY (cosh(w))
cmdP2 1(cosh(o{)) For R(v + 1) > |N(w)|, we have

wii
Q¥ (cosh(ey) = TS -sinhi@) esc(5) / (cosh(a))
27M (v —pu+1) uzJr3 V2u

1.2 s W2
o |:K;L+1 (smh (oe)) CKu (smh (oz)):| (2.55)
2 Su 2 8u
and for R(v) > [R(w)|, we have
/7 sinh”™ 2(oz) sinh(a) csc(5 ) / <cosh(a))
2250 (v — W (v + p) us Vau

e
.12 2
y |:Ku+1 (smh (a)) B (smh (a)>:| (2.56)
2 8u

Proof: From the integral representation (1.6), we can rewrite

1y
P? | (cosh(x)) =
H=3

e;uri o]
1% - - —t cosh(a) . v
Qf (cosh(a)) = OISy e K, (tsinh(a))t" dt
B ep_ni ) 2,
= mof {t f(t ),cosh(a)}, (2.57)

which by applying the following Laplace transform [13, p. 76, Table A(A-1)]:

2717%1} o0 v_ 1 2 N
VL) 6l — 27 2e ® — ;
L{Uf(t7);sh = /0 u e sD, <m> ZL{f(t); u} du, (2.58)

JT
leads to
e“niZ_l_%U v 1 _cosh’@ cosh(a)
Hcosh(@) = ———— | yiTzem %D,
Qoo = e e ()
xZ{K, (+/tsinh(e)); u} du. (2.59)

At this point, we use the following Laplace transform for f(¢) = K, (+/tsinh(a)) [12, p.
352,3.16.2(1)]

LKy (aVt);s) = <?>§ 2 s (u%) e%

a? a?
X |:KH+1 (8—> — Ky (—)], M(w)| <2, w#0,£1, (2.60)
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and deduce (2.55). Similarly, from the integral representation (1.8), the relation (2.56) is
obtained. |

Remark 2.14: If we fix 4 = 0 in (2.55) and use the following Laplace transform [12, p.
352,3.16.2(2)]

1 & 612
L{Ko(avt);s) = —= e S Ei (—) , (2.61)
s 4s
in terms of the exponential integral
X et
Ei(x) = / —dt, (2.62)
oo t

then, the following integral representation is obtained for f(v) > —1

Qucoshian = 2 f e (C‘”h(“)>
v o)) = v
fl“(u-;—l) st V2u
)
x Ei <Smh (“)) du. (2.63)
4u

Theorem 2.15: For N(u) > —2, the following integral representations hold for P,"
(cosh(a)) andQ 1(cosh(oz)) For R(v + 1) > |N(w)|, we have

1
inh ® e 8u h
P cosh(a)) = — sinh() / ev8 D, <cos (oz))
22w+ u+1) u2t? V2u

. 12 . 12
y |:1u+1 (smh (a)) T (smh (oz)):| du. (2.64)
2 8u 2 Su

and for N(v) > [R(w)|, we have

Q! (coshia = YT e~ Drisinh e [ ;+2D“—% (&J%av

.12 s W2
X [I,M (Smh (a)) I <Smh (a))} du. (2.65)
2 Su 2 8u

Proof: According to the integral representation (1.5) and applying the Laplace transform
(2.58), we can write

o
P H*(cosh(w)) = e_tCOSh(“)IM (tsinh(x)) ¢V dt

1
F(v—l—,u+1)/0

— VL2
= ToT T 1).,Z{tf(t‘ ),cosh(a)}
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y—1-3v 0, coshl(@) (cosh(a))
= 2" 2e su D,
NG ETED V2u
x L1, (Vtsinh(a)); u} du. (2.66)

By applying the following Laplace transform for the function f(¢) = I M(\/E sinh(a)) [12
p.317, 3.15.2(1)]:

2 2 2
LAL(avD);s) = ‘/—eSs |:I,L+1 (%) + Lt (%)} R(w) > =2, u 0,41,

453 2 S
(2.67)

the relation (2.64) is obtained. Similarly, by starting from the integral representation (1.7),
the relation (2.65) is established. [ |

Remark 2.16: If we fix u = 0in (2.64), then by employing the following Laplace transform
(12, p.317, 3.15.2(2)]

2
Lllp(av/t);s) = leTs, (2.68)
N
we get
00 e_ﬁ(l —sinh?(@)) COSh(O{)
P h D du, N —1.
v(cosh(a)) = fI‘(v+1)/ e v< N > u ) >

(2.69)

2.6. Integral representations in terms of the products of hypergeometric and
Bessel functions

Theorem 2.17: For R(v + 1) > |N(w)|, the following integral representations hold for
Q) (cosh(a)) :
e;uri 00

1z — u+1 ;
Q¥ (cosh(x)) = To—ntD o 7] (T sinh(a))

y lB v—u+1’u—v+1 Lrh]
2 2 2

(v—,u-i—l lv—pu+1 —tzcoshz(a)>
X2F1 - 5

> > >

2 2 2 4

2 >

B cosh(a)B(v —/2L+2 " ; v) o

> > >

v—p+2 3 v—pu+2 —1ricosh?(«)
X 2F1 - 5
2 2 2 4

p L=p=D ”) dr, (2.70)

cosh”* ()
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2B—1—1 gumir ()l —AT [M:i—{-l]

I'(v — p + 1)sinh* (a)cosh* "1 ()

Ql (cosh(a)) =

2u+1 u+v+1 u+v+2 72
T F —
> 2 < st coshz(a)

) /0 V(r2 + sinh?(a))F+1
X Jg—1 (m/ 2 + sinhz(a)) dr, (2.71)

where B is the beta function given by

_ T@r®)

Proof: We use the following integral representation for the Macdonald function [7, p. 679,
6.566(2)]:

00 pputl 3
K, (xz) = x—M/O mh(zr) dr, z>0, Rk >0 -—-1<NRp) < 2
(2.73)

and set x = t, z = sinh(«) in the right-hand side of (1.6). We apply the Laplace transform
of 1(12 4+ x¥)* [12, p- 20, 2.1.4(2)] for the obtained double integral and get (2.70). Further,
by setting x = ¢, z = sinh(«) in the following integral representation [7, p. 693, 6.596(4)]:

Jp—1 (nv? +22
K (xz) ( )1 B F(,B)/ lL-‘rl]M( T) p 1( )
2 Ja s
n<x RB+2)>NRw > -1, (2.74)
and applying (2.47), we get (2.71). |

Theorem 2.18: For (v) > |N(w)|, the following integral representations hold for
1_

P2 (cosh(a)) :

L

sinh"_%(a)«/Z/n
Fwv—mwre+w

1 — — 2
X(zB(v PORZVE2) v

1 o0
P2 (cosh(a)) = (1)
=3 0

>

2 2

(v—,u 1 v—pu —rzcoshz(a)>
X2F1 > > >

2 2 2 4

_ cosh(a)B(v —u+1l p—v+ 1) LVl

2 2 72
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> > >

v—u+4+1 3 v—u+1 —t2cosh’(a)
X 2F = ;
2 2 2 4

JLo=—n-2 2)> d, (275)

cosh” *2(a)
26=1=3sinh" =2 ()T () —#
VT (v — w)T'(1 4 p)cosh”* T ()
2
/oo 2t py (MTJrv “+;+1,,u L m)
X
0

/(12 4+ 1)B+1

1y
P? | (cosh(a)) =
H=3

Jp—1 (77 12 4 1) dr.

(2.76)

Proof: The results are proved similar to the proof of Theorem 2.17. The only change is the
putting x = ¢,z = 1in (2.73) and (2.74). [ |

2.7. Integral representations in terms of the product of confluent hypergeometric
and parabolic cylinder functions

In this subsection, we intend to represent integral representation for the toroidal functions
in terms of the confluent hypergeometric function

o0

1Fi(a; bs2) = Z

n=0

(@n i

(b)y, n! ’

(2.77)

where (), is the Pochhammer symbol.

Theorem 2.19: For R(v + 1) > |N(w)|, the following integral representation holds for
Q) (cosh(a)) :

sinh* () (e*)~#~ VI [’H'V'H]

1
Q! (cosh(a)) = : - a
w2272 e=mTi T Qu)T (v — o + 1) sin(ur)
00 2sinh
X / e%tzDzu—l(f)fzﬂlFl (M +v+Lu+1 —w) dr.
0

(2.78)

Proof: For the relation (1.6), we employ the following relation [7, p. 845, 7.752(2)] and fix

x = 24/t sinh(a)

1
1 2hT o xH o
K, B [ — e_ixZ/ o e_%TZDzﬂ_l(t)]“(xr) dr,
4 7 sin(um)lC(2u) 0

1 1
x> 0, -3 < Rw) < > (2.79)
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to get
22;4—% Ui g h% o0
QU (cosh(@)) = ¢ sinh (@) 47Dy, (0t dr
aTCu)I'(v —pu+1)sin(um)
(o]
X f e tcosh(@)tsinh@) w45y (o /rsinh(a))dt. (2.80)
0

At this point, we consider the following identity for the above double integral [12, p. 262,
3.12.3(5)]:

© +5+17 (a/2* 0 a
tsp =T p 2 F - 1, 17__ >
/0 e 5], (av/t) dt [ L ]5P+5‘+11 1<p+2+ net L=

RN2p+w) > =2, R(s) > 0, |arg(a)| < 7, (2.81)

and obtain the result. [ |

In order to show the integral representation for P2 1 (cosh () in terms of the confluent
hypergeometric and parabolic cylinder functlons, we use (1.8) once again and substi-
tute x = 24/t into the integral representation (2.79). Therefore, we can get the following
theorem.

Theorem 2.20: For N(v) > |R(w)|, the following integral representation holds for
1_
Pz_‘; (cosh(a)) :
2

sinh”~2 (@) (cosh(a) + 1)~#~"
w2272T ) (v — )T (1 4 g2) sin(u)

/ %TZD — (‘l:)‘li2 F + +1 ——2 dr
X M > 5 I
A € 9] 1 11 (U Vi L cos ( ) 1
(2.82)

P%:‘i(cosh(a)) —

3. Integral representations for the products of associated Legendre
functions

In this section, using the integral transforms of the convolution products for the Laplace,
Mellin and Kontorovich-Lebedev transforms [14]

t
& {/ f(t—1)g(7) d‘L’;S}

/ —Sf/f(t—r)g(r)drdt ZLAf();s) Ligt)ss), (3.1)

AL (2ot

/ = 1/ ( >g(t)—dt ANf(0); s} A {g(b)s s}, (32)
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%/g{l/ f eé(ﬁﬁ)fgrf(u)g(v)dudv;r}
2t Jo 0

o0 K t e 0 v u uyv
— / ir () / / e_%(a"'v)t_z*rf(u)g(w dudvdt
o 2t Jo Jo
=X Lf(t);T)H Lg(t); T}, (3.3)
we get new integral representations for the products of associated Legendre functions.

Theorem 3.1: For R(v + 1) > |N(w)|, the following integral representation holds:

/wrkw4u+1nmﬂQwummwnﬂm
0

3 v+1,v4+1,2v42
2
w2l [ 2v+%

z(ea)2v+2

,F <2v +2; %; 2V + g; e_2°‘>. (3.4)
Proof: First, by the multiplying the relation (1.6) by itself and considering (3.1), we have
T2 — pu+1) e Q) (cosh())]?
=< {/OtKM((t — 1) sinh(«))K), (7 sinh(a)) (t — 7)"7" dt; cosh(oz)} . (3.5)

Next, we change u to i and integrate the both sides of the above relation with respect to
w. We employ the following addition formula for Ky [7, p. 749, 6.791(4)]:

2 o0
;A Kip (@)K (8) dit = Ko(a + b), (3.6)

and get
o0
/ 2 —ip 4+ 1) 7 [Q#* (cosh(a))]* due
0

—— t

— _/ e—tcosh(a)KO(t)/ (t — _L,)U—I.L,U—l dr dt
2 Jo 0
T o0

- EB(v,v)/ 2V =1 gteosh(@) oo (4) dt. (3.7)

0

Finally, by using the following Lipschitz-Hankel integral [12, p. 349, 3.16.1(3)]:

o0
/ e BPK, (at) dt =
0

Qa)'m plp—rtLptutl
(s + ayptutl p+1

F(ppd Lt sops 250

X ) =5 =5 5
PUPTRT LT SBPT T,

M) > NW)| —1, R(s+a) > 0), (3.8)

the relation (3.4) is obtained. |
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Theorem 3.2: For R(v) > |N(w)|, the following integral representation holds:
o0 l,v 2
/ 2w — w2 +ip) [Piil(cosh(a))} du
0 2

 sinh!2Y(a)(cosh(a) + 1)2V

V,0,2V
ﬁF[ZU—%] (> 12 +1 cosh(a) — 1 (3.9)
v,=32v+ -5 —— ). .
2 2 2’ cosh(a) + 1

Proof: To prove this theorem, we multiply the relation (1.8) by itself and consider (3.1) to
get

b3

1, 2
mrz (v =W+ ) [P;_;(cosh(a)):|

t
=9 {/ K, (t — 1)K, (0)(t — T)VTlevl dt;cosh(a)} . (3.10)

0
The remaining proof has a procedure similar to the proof of the previous theorem. |

Theorem 3.3: For f(v + 1) > [N(w)|, the following integral representation holds for the
products of associated Legendre functions:

eI+ DI [ 1t

] P (cosh(a))Ql (cosh(a))

v+u+1
sinh® ()
/ o0 sinh? (x)
= 2 . 1.2 2 v+pu+l
0 (cosh (o) — sinh”(a)cosh (x))

Filv+p+Lyv+pu+1L2u+1 sinh? (@)sinh? (x)
X v ,V ; ;—
o g a o cosh? () — sinh? (Ot)cosh2 (x)

(3.11)

Proof: We multiply the relations (1.5) and (1.6) and consider (3.2) to obtain
T+ u+ DT — w4 1) e # P #(cosh(a)) QX ( cosh(a))

% t d
- A { / e—%cosh<a>—“°sh<°‘>1ﬂ (— sinh(a)) K, (z sinh(a))—r;v + 1}. (3.12)
0 T T

In the above relation, we insert the following representation for the product of the modified
Bessel functions [7, p. 713, 6.656(1)]:

L(2)K,(¢) = / e~ ¢Dcosh™p (2. /z¢ sinh(x)) dx,  R(w) > —%, R(E —2) >0,
0
(3.13)
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and take into account the integral (2.81) to get

T+ p+ DT — p+ 1) e “™P#(cosh(a))Q“(cosh(a))

1 °0 inh?
—r|* tve sinhzl‘(oc)/ ?m ®)
2u+1 o (cosh(a) — sinh(a) cosh(x))v+u+l

2
00 .L_v-HLlFl (PL v 1;2 I;— sinh? (a)sinh? (x)
X /
0

cosh(a)— smh(a)cosh(x) )
el (cosh(a)+sinh(«) cosh(x)) drdx.

Finally, by using the Laplace transform of confluent hypergeometric function given in [12,
p. 510,3.35.1(2)], we evaluate the inner integral of the above relation and get the result. W

By the same procedure for the product of relations (1 7) and (1.8), we can write the

following theorem for the product Q _1 2 (cosh()) P2 1 (cosh(a))

Theorem 3.4: The following integral representation holds for R(v) > |R(w)| :

e(z—v)nl]"(zlu, + 1 [U+M:|
sinh?’ (@)

QM 1 (cosh(oz))P;_% (cosh(a))

_ / o0 sinh?* (x)
~Jo (cosh2 (&) — cosh? (x))va

sinh?(x)
XoF [ v+ v+ u;2u+ 1;— dx. 3.14
2 < # H ot cosh?(a) — cosh? (x)) ( )

Theorem 3.5: The following integral representations hold for the products of associated
Legendre functions:

e 2HTI0 (21 4 2)sinh?" T2 ()
cos(um)T2(v + pu+1)

© 1
B /(; sinh?" 72 (x)

F a4l 42w 42 sinh?(«)sinh?(x) N4
X v v — ;20 +2; - X,
2 " H (cosh(a) + sinh(ar)cosh(x))?

[QY( cosh(a))]?

R+ 1) > R,

7l2v) [ (cosh(oe)):|2
2 cos(um) sinh?’ ~! () -3

© 1
B /0 sinh?’ (x)
sinh?(x)

X2 Fq (v + v — w2 (cosh(oz) T cosh(0)? 1) dx, R(w) > |R(w)|. (3.16)

(3.15)
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Proof: We multiply the relation (1.6) by itself and consider (3.2) to write

I?(v — w4 1) e 27 Ql ( cosh(e))]?

o0 t d
= { / e v cosh@—Teosh@ g, (- sinh(a)) K, (7 sinh(ar)) —; v + 1} . (3.17)
0 T T

We apply the following representation for the product of the modified Bessel functions [7,
p. 713, 6.656(2)]:

K, (2)K,(¢) = 2cos(,un)/ e~ (¢+2 COSh(x)Kzﬂ(Z\/z? sinh(x))dx,
0

MW < 3 RWz+V0)? >0, (3.18)

and use the following Lipschitz—Hankel integral [12, p. 353,3.16.2(3)] to get the associated
integral in terms of the Whittaker confluent hypergeometric function W

o0
/ e_tStPKM(a«/E) dt

0
Sfpfl/z

= - F(p+%+1)[‘<p—%+l>

2 2
X exp (:—) W_p 12 (” ) WM(p) > MW -2, R >0.  (3.19)

s 4s
Therefore, we rewrite (3.17) as

M — p+1) e Q) (cosh(@))]?

cos(um)F'v+pu+DI'v—pu+1)
sinh()

/«oo e~ T sinh(a) cosh(x)
X
0 sinh(x) (cosh(a) + sinh(c) cosh(x))”+%

1
00 T V=3 7 sinh? (o) sinh? (x)
X —h() e 2(cosh(a)+sinh(«) cosh(x))
T cosh(o
0 €

. h2 . h2
o WU;,M< sinh”(«) sinh”(x) r) dr dx.

cosh(a) + sinh(«) cosh(x)

At this stage, by considering the following relation for the Tricomi confluent hypergeomet-
ric function [5, p. 274, 9.13(11)]:

Wiu(2) = ZHF1/2 e_z/zlll(% —k4+ w2+ 1L2), |arg(®)| <, (3.20)



22 A. ANSARI AND S. ESHAGHI

and evaluating the associated Laplace transform [12, p. 518,3.36.1(2)]

> [—
/ e BtPW (g, bywt) dt = 0 P7IT |:P +Lp—b+ 2]
’ pta—b+2

w—S
X2F1(p+1,p—b+2;p+a—b+2; ; )
Rp) > —1, R(p — b) > —2, R(s) > 0, (3.21)

we get the result. Also, by multiplying the relation (1.8) by itself and applying the same
procedure, the relation (3.16) is proved. |

Theorem 3.6: The following identity holds for the quadratic product of toroidal functions:

[ w3
- . h 2
2 coshz(rm’)[ ,T_f(cos @]

t cosh? (&) z inh2
=& {67 ’ Ky <2t (2 csc? 26 cosh? (@) — b 5 (a))) do; 1’} . (3.22)
0

Proof: We begin with the relation

cos(u) % 00
P,_1(cosh(@) = T‘F / e teoh@ (5 S (3.23)
2 0

t
\/z’
and change u to it. Then, we use (3.3) as the convolution product of the Kontorovich-
Lebedev transform to get

7.[3

2 cosh?(m 1)

— ¥ l/OO/ ( + )t—je—(u—o—v)cosh(a) d”dv,f
2t 0 0 «/MV,

. / (D) dt / / 1+ w o~ (utv) cosh() dudv (3.24)
= Kiz (1) — — .
0 2t 0 0 A/ uv

A(a,b) | L
d(u,v)

1 (cosh(a))]?

[Py 1

We change of variables uv = a and 7 = b, and compute the Jacobian |55
rewrite (3.24) as

3 ¢

7.[3

2 cosh?(m 1)

1 [ [ } .
:%3{5/0 /0 e~ 2 (bHpi-% e—(ﬁh/?)cosh(a)%;r}. (3.25)

[,t_l(COSh(W)H
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We here use (2.23) and (2.26) to evaluate the inner integral in terms of the complementary
error function

/OO . e—(ﬁﬂ/%)\/ﬁcosh(a)ﬂ
0

Ja

l L COS 2 o 1
— o iei Vot e @, <(«/E + %> cosh(a)ﬁ>

[ L (Wb+-L)%t cosh? (@) 1 \/7
2«/26 rc(<\/_+ «/E) coshi@) 2) 22

At this point, using the addition formula for the complementary error function [15]

1 (2
Erfc(z+¢) = —/ et 2047 dg, |arg(z)| < %, |arg(¢)] < %, (3.27)
T Jo

we can get (3.25) as

3

T
_ cosh
2cosh2(nr)[ ”71( @)
1 T etcoshz(a)
TV 2 Vi

« /2 /OO e—ht(%—%z(a)-ﬂcscz 20 coshz(a))—i(%—%z(a)-idcscz 20 coshz(a))d_: d@;‘[} :
(3.28)

or equivalently

7.[3

———[P;._1 h 2
2cosh2(nr)[ ”_E(COS @)]

tcosh (@) : h2
,/ ,%/ { Ko (Zt (2 csc? 26 cosh? (@) — w>) d9;r} ,
0

(3.29)
where we used the identity
o0 db
2K (24/pq) = / e—Ph—ﬂ?, p.q>0. (3.30)
0
[
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