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1. Introduction

In view of the modified Bessel functions of first kind I,

S %-2k+v
I, = , 1.1
®) g 2kVET (v + k4 1) (L.1)
and the modified Bessel functions of second kind K,, (Macdonald function)
T
Ky,(&) = E(HV)[I—V(S)_IV(S)L v ¢ 7, (1.2)

Hector Munro Macdonald, in the late nineteenth century, introduced the following iden-
tities (Macdonald’s identities) for the products of modified Bessel functions of first and
second kinds. The first and second identities are considered as [1,p .712, 6.653(1,2), 2, p.
53 (36,37)]

I‘,(min(w,z))Kv(max(w,z)) = %/OOO e’%[HM]L} (?) %)

RW)| <1, zw>0, (1.3)
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1 o0 _l[t+7zz+w2] zwy\ dt
K, (29)Ky(w) = _/ e’ t K, <_) —
2 Jo t /)t
b4
|arg(z)| < m, |arg(w)| < 7, |arg(z + w)| < e
(1.4)

Since the Airy functions of first and second kinds along with their derivatives are presented
in terms of the modified Bessel functions (see also [3-5] for alternative representations in
terms of the other types of Bessel functions)

o0 3 3
Aix) = %@K; (2) = ? [I_%(z) -1 (z)] = %/0 cos (xt+ %) a, z= %xi,

(1.5)
o 3 3
Bi(x) = \/g[l_;(z) +I%(z)] = %/0 (e’“‘t3 + sin (xt—l— %)) dt, z= %x%,
(1.6)
V) = — & __x _ _23
Ai'(x) = n\/gKg(z) =3 [I_%(z) I%(z)], z= 3x , (1.7)
Bi/(x) = — [1 ) (2) +12(z)], 2= 243, (1.8)
J3L 73 3 3

the integral representations of products of Airy functions can be derived from the Bessel
functions. The integral representations of products of Airy functions have been studied in
the literature and some representations have been derived in terms of the elementary and
special functions, see the trilogy of Reid [6-8], Varlamov’s works [9-13] and other con-
tributions [14-19]. It is of interest to find more integral representations for the products
of Airy function over the literature, particularly in terms of the Bessel functions. In this
sense, we employ the Macdonald’s identities and replace the associated integrands with
suitable integral representations (here the inverse Laplace transforms of desired functions)
and derive new identities for the products of the modified Bessel functions. By using rela-
tions (1.5)-(1.8) and tables of integral transforms, the integral representations of products
of Airy functions and their derivatives are consequently constructed.

2. Integral representations of products of Airy functions
2.1. Integral representations for products of Macdonald functions

Lemma 2.1: The following integral representation holds for the products of modified Bessel
functions of second kind

K, (2)K,(w) = /OO Ko (\/ZZ + w2+ 2zw cosh(§)> cosh(vg)dé, zw>0. (2.1)
0

Proof: By replacing the following representation for the modified Bessel functions of
second kind [1, p. 917, 8.432(1)]

o
K,(2) = / e 70hE) cosh(vg)dE, z > 0, (2.2)
0
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and substituting into (1.4) we get

z +w +2tzwcosh(§)i| dt
K, (2)Ky,(w) = / / cosh(v€) d& " (2.3)

The result is obtained by employing the following representation for the modified Bessel
functions of second kind

2Ko(24/pq) = / e*Pf*?%, p,q > 0. (2.4)
0
|

Theorem 2.2: For x > 0, the following integral representation holds for the products of Airy
functions

1 o t3 2 — 8x
Aiz(x) = — Ky (— — xt) —dt. (2.5)
472 4/ 12 12— 16x

Proof: Settingz = wand v = 1/3 in Lemma 2.1, and considering relation (1.5), we obtain
372 © (4
iAi2(x) = / Ky (—xg cosh <§)> cosh (E) dg. (2.6)
X 0 3 2
Changing of variables cosh ( %) 1 f and applying a little algebra, we get the result. W

Theorem 2.3: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

1 [ £ t* 4 32x — 16xt?
Ai%(x) = / Ko (— — xt) dt. (2.7)
1672 4/ 12 12— 16x
Proof: By setting z = wand v = 2/3 in Lemma 2.1, and using relation (1.7), we have
372 © (4 2
lAi/z(x) = / Ko Zx3 cosh & cosh x d&. (2.8)
x2 0 3 2 3

Changing of variables cosh (%) \/» and applying a little algebra, we obtain (2.7). W

4

Lemma 2.4: For [R(v)| < 1, the following integral representation holds for the products of
modified Bessel functions of second kind

o0

T 1
2 __ 1 vo_ 2 _ 1 —V
Tsin(m) Jase —uz_l[(u-l—\/u )Y —(u+u ) ]
X Jo(v2zwu — 22 — w?)du, z,w > 0. (2.9)

K, (2)K,(w) =
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Proof: First, we recall the Bessel function of first kind

o0

(_1)k%-2k+v
>

L) = — 22k+vk!]"(y + k+ 1))

(2.10)

Z2 W2
and replace a part of integrand (1.4), i.e. the function 1e~ %, with the following integral

representation as the Laplace transform of Jp

%ﬂzzwz _ / €0 (V2(22 + wA)E) dE, (2.11)
0

to obtain
d
Ky (2)Ky (W) = / / ) To (\/:z(z2 T w2)$> dth. (2.12)

Next, by considering the following relation for the Laplace transform of modified Bessel
functions of second kind subject to R(a + u) > 0, [20, p. 349, 3.16.1(1)]

L{K,(at); u} = / - e K, (at) dt
0

_ T 1 —v 2 2\V v 2 2 —v]
= 25in(vn)m[a (u+vVu*—a a’ (u++u*—a) ,

(2.13)

and incorporating the following identity as the Laplace transform of function f (%),
simultaneously, [21, p. 76, Table A(A-8)]

1

c {f (—) ;s} = \% /0 b VuJi2/su) L{f () u} du, (2.14)

t

fora:zwands:é—{—%,weget

m R u 1
K@k = g [ [ (Va@ + ) Erwdl (2 u(s+5>)

X \/%zzwz [(zw)_”(u +Vu? — Z2w?)Y

— @)+ Vit — zzwz)—“] dt du. (2.15)

Here, we use the following representation [1, p. 693, 6.596(6)](H is the Heaviside function
and () > R) > —1)

/ Jo(Bx )]"“(““x ) ot gy

V&2 + 2

v S a2 n—v—1
_F (a—ﬁ> Ju—v-1(zva? — B H(a — p), (2.16)

akt z
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to rewrite the above equation as
Ky (@)K, (w) = / | () Vi 2y
4 sm(vn) 2+w ~u?

— (W)’ (u+ Vu? — zzwz)f')]]o( 2u — (22 + w?)) dy, (2.17)

or equivalently

R 1 — —
K@K, (w) = 4sianvn) /22+w2 m[(u V=D =V - 1)_v]
X Jo(v/ 2zwu — z2 — w?) du. (2.18)
[ |

Lemma 2.5 ([22, p. 140, Prob. 7(iii)]): For|R(v)| < 1, the following integral representation
holds for the products of modified Bessel functions of second kind

o

K, (2)K,(w) = L Jo (\/Zzw cosh(t) — z2 — wz) sinh(vt)dt, zw > 0.
2 sin(vrr) In(%)
(2.19)
Proof: Setting u = cosh(t) in Lemma 2.4, we get the result. |

Theorem 2.6: For x > 0, the following integral representation holds for the products of Airy
functions

0= (e )
Ai (x)—47“/5 ; tho xt—i—12 dt. (2.20)

Proof: Settingz = wand v = 1/3 in Lemma 2.5, and considering relation (1.5), we obtain

2 00
3%Aiz(x) = %/0 Jo <§x; sinh <§)> sinh <$) dg. (2.21)

The result is obtained after changing of variables sinh (%) = #}. |

Theorem 2.7: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

00 3
Ai%(x) = / t(t* + 8x)Jo (xt + I—2> dt. (2.22)

1
1671\/5 0

Proof: Wefirstsetz = wand v = 2/3 in Lemma 2.5, then by using relation (1.7) we obtain

2 o]
%Ai’z(x) = %/0 Jo (Agxg sinh <§)) sinh ( E) dé. (2.23)

The result is derived after changing of variables sinh (%) =L |

4/x
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Lemma 2.8: For [N(v)| < 1, the following integral representation holds for the products of
modified Bessel functions of second kind

T
K,(2)K,(w) = 3 sin(wr)l,,(min(w, z))Kv<max(w, z))
-3 S (sinomim ey,
+ cos(vr)[J, (Wé) Yy (2€) + ] (26) Y, (WE)]) d§, (2.24)

where Y, is the Bessel functions of second kind (Neumann function) given by

Y, (§) = @)[Ju(§) cos(mv) —J-v(§)], v € Z. (2.25)

22+w2

Proof: By replacing the function %e* x K, (
p. 237, 3.16.3(27)]

1 _z2+w2 w
et ()
t t

=2 [ e (sinom VI B WV E) - 1 W DT B
0
+cos(vm) [ (V2B Yy (V22E) + 1, (V2D Y, (Vaw )] ) de, (2.26)

zw

7) with the following representation [23,

and substituting into (1.4) we gain
K, (2)Ky,(w)
= —Z/OO /00 e_(s'i_%)t
4Jo Jo
x ((sin(m) Uy (V2wyEL (V22VE) = Yo (V2 /B Y, (v22 )
+ cos(urr) [ (V2Zwy/E) Yo (v220/8) + Jv(fzz\/g)n(\/iw\/g)]) drde, (227)

or equivalently

k@0 =3 [ S5 (Smem U e a) - 1) Yy
o cos(v) [y (WE) Ya (26) + 11 (26) Y, (w)] ) d. (228)

At this stage, by considering the following identity for the products of I, and K, [24, p. 82,
10(12)]

/0 ;ﬁhw&m(z@ds = 1,(min(w2))K,(max(w ), (229)
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we rewrite the above relation as
K,(29)K,(w) = 5 sin(vm)I, ( min(w, :x:))KU ( max(w, z))
”/OO = (s, 8 ¥, (25)]
- = — | sin(vm w z
2 0 52 +1 % Vv

+ cos(v) [y (WE) Yo (26) + 1, () Vo (wd)] ) s, (2.30)

which completes the proof. |

For showing more results, we first substitute z=w and v = +£1/3,v = £2/3 into
Lemma 2.8, and then we add and subtract the associated relations to get the following
theorems, respectively.

Theorem 2.9: For x > 0, the following integral representation holds for the products of Airy
functions

X
Ai?(x) | 1137 © £ 2 (2.3 2 (22
|: Ai(x)Bi(x) :| - gn /0 1 |:Y—§ (596 5) F Y% (536 S)] d¢

3

- 33" /$2+1[ (35)1/_%

3\/_75
) <§xig) Y, (gxig)} de. (2.31)

Theorem 2.10: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

X2

A% | _ | 1143 TE [y (2 2 (2,3
[Ai’(x)Bi/(x)}_ v fo 52+1[Y§ <5x §>3FY§( xs)] 4

371

3371 x5 ,
* / 241 + 1 [ ( 5) -
> (gxig) Ys <5x35>] de. (2.32)
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Lemma 2.11: For [R(v)| < 1, the following integral representation holds for the products of
modified Bessel functions of second kind

VA

K,(2)K,(w) = \/ZZwu — w2 (v 2zwu — 22 — w?)

4sin(vm)zw 2+w

ﬁ[(th/i) (u-i-\/ﬁ)_v] du

VI
— —/ \/22wu—z2 —w2]1(\/2zwu—z2 — w?)
4sin(vmr) J24+w2

= ()
u? — 1 u? — 1

X [(u +Vu? — 1>v_1 + (u +Vu? — 1>_v_1] du. (2.33)

X

Proof: Using relation (2.14) as the Laplace transform of function f (%) and considering

zz+w2
the function f(t) = te~~ 2 'K, (zwt), we can present the second Macdonald’s identity as

2a?
K@k =3 | Tl () &

- _c {f(i) } / Vi (V2u) L{f (t); u} du, (2.34)

where [23, p. 349, 3.16.1(1)]

2 2
. ut 2

2 sin(vm) 5 3
2+2
Jie s
. 22 4+ w? 22 + w2\ ? 5
X | a u-+ + u—+ —a
2 2
—V
; ( zz+w2> \/( 22+w2)2 2)
—a u—+ + u—+ —a
2 2
2sm(vn)\/ z2+w2 —a2

v—1
. 22+ w? 2+ w22 5
X | va u—+ > + u-+ 2 —a

L{f(t);u} =

v
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2 2
wt 242

Yy e
—v—1
; 22+ w? 2+ w\? 5
+ va u-+ > + u-+ > —a

x |1+

u + ZZ+W2
x |1+ 2 - , a=zw (2.35)
2+ 2 2
\/ (u + %) —a
At this point, we use the suitable change of variables to obtain the result. |

Lemma 2.12: For |R(v)| < 1, the following integral representation holds for the products of
modified Bessel functions of second kind

o
K,(2)K,(w) = L V2zw cosh(t) — 22 — w2J; (v/2zw cosh(t) — 22 — w?)
2 sin(vrr) In(%)
h(t
X [L(z) sinh(vt) — ve *(1 + coth(¢)) cosh(vt)i| dt. (2.36)
zw sinh” (t)
Proof: Setting u = cosh(¢) in Lemma 2.11, we get the result. |

Theorem 2.13: Forx > 0, the following integral representation holds for the products of Airy
functions

00 3\ (42 2 2 3 2
Aiz(x) _ 12 / g, ( t ) (7 4+ 16x)(t* 4 4x)° + (° + 12xt) dr
0

R xt R
NEY + (t2 + 16x) (£ + 4x)2(t3 + 12xt)

12
1 e £ £
vl e ) ()
5 (1 (12 + 16x) (2 + 4%)2 + (£ + 12xt)2) i

V(12 +16x) (2 + 4x) (13 + 12xt)

Proof: Setting z = w and v = 1/3 in Lemma 2.12, and considering relation (1.5), we
obtain

2 o0
%Aiz(x) = % /O \/%xi sinh (%)]I (\/%Lx% sinh <%)>

9cosh(¢) . £ 1, é

(2.37)

By the same procedure to the previous proofs, we can get the result by applying the change

of variables sinh (%) = ﬁ. [ |



10 A. ANSARI AND S. ESHAGHI

Theorem 2.14: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

b, 3 foo 5 ( ﬁ) (2 4 16x) (1% + 4x)% + (2 + 12x1)?
A = V3 Jo SR S (2 + 16x) (12 + 4x)2(t3 + 12xt)

12
1 /00 _tt4—|—32x2+16xt2(t+ t3>] ( - t3>
- e xt+ — xt + —
2437 Jo J2 ¥ 16x 12)" 12
12 4+ 16x) (2 + 4x)2 + (£ + 12xt)?
><<1+( +160) (P + 40 + (P + 1200

V(2 +16x) (12 + 4x) (13 + 12xt)

Proof: We set z = wand v = 2/3 in Lemma 2.12, and use relation (1.7). So, we have

2 00
=2 [ [ostann () (2t amn (£))
|:9cosh(§) . <2?§
X | ————=——sinh

2 2&
40 Sinhz(%') ?> — 56 (1 + COth(S)) cosh <?>:| dé
(2.40)

(2.39)

The result is obtained by changing of variables sinh (%) = —=. |

2.2. Integral representations for products of I, and K,

Lemma 2.15: For [R(v)| < 1, the following integral representation holds for the products of
modified Bessel functions

I, ( min(w, z))K,, ( max(w, z))

1 [ 1
Y /z+ 2 o 1(” ViR =D (V2ewu — 22 —whdu, zw> 0. (2.41)
z%+w u —

2zw

Proof: By the same proof to that of Lemma 2.4 and considering the following relation for
the Laplace transform of modified Bessel function of first kind [20, p. 313, 3.15.1(1)]

o0 » a’ )
L{I,(at); u} = /(; e I, (at) dt = \/ﬁ(u +Vu?—a?)"", (2.42)

we get the result. |
Lemma 2.16: For |N(v)| < 1, the following integral representation holds for the products of
modified Bessel functions
I, ( min(w, z))Kv (max(w, z))
1

o0
= —/ Jo(v/2zw cosh(t) — z2 — w)e "t dt, z,w > 0. (2.43)
2 Jin| s
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Proof: Setting u = cosh(¢) in Lemma 2.15, we get the result. |

Theorem 2.17: Forx > 0, the following integral representation holds for the products of Airy
functions

AicoBi = L [ £\ >+ 8x d -
i(x) l(x)—a'/o Jo Xt-I—E m L. (2.44)

Proof: We set z = w and v = £1/3 in Lemma 2.16 and add the associated relations. In
this sense, we consider the relation (1.6) and obtain

3—”Ai(x)Bi(x) = / Jo (A—Lxg sinh (é‘i)) cosh <§> dg, (2.45)
x 0 3 2 3
which implies relation (2.44). |

Theorem 2.18: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

1 o0 B\ t* 4+ 32x% + 16xt?
AP (0B (x) = —— T (xt + —) dt. 2.46
(x)Bi' (x) Ten J, 0 5 o (2.46)

Proof: By the same procedure to previous theorem, we set z =w and v = £+2/3 in
Lemma 2.16, and then we add the associated relations. We use relations (1.7) and (1.8)

to get
Al = [ o (S sinh (£ h(2)a (2.47)
-— i'(x) l(x)—/o Jo <§x sin <5)> cos (?) E. )

Changing of variables sinh (%) = #} and applying a little algebra, we obtain (2.46). W

Lemma 2.19: For |R(v)| < 1, the following integral representation holds for the products of
modified Bessel functions

Iv<min(w, z))K,,(max(w, z)) = /000 / 222§++W12 K; (\/(25 + 1)(z% + w2)>

X [berﬁ (V2zwé€) + bei,z,(\/Zzwé)] dé, z,w>0,

(2.48)

where the Thomson functions ber, (z) and bei, (z) are shown by [1, p. 944, 8.561(1,2)]

baxazém@ﬁwﬁ+h@f““m (2.49)

mm¢=%mmwﬁ—hm4wm. (2.50)
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Proof: By considering the inverse Laplace transform of the function %I b (%) in terms of
the Thomson functions [23, p. 215, 3.15.1(4)]

1 o(zw R 2
;IU <T> = e [berv(,/ZZWS) + belv(‘/2zw§)] dg, (2.51)
0
the first Macdonald’s identity is changed to

Iv<min(w, z))Kv(maX(w,z)) = %/oo /OO e—t(5+%)e—22§th
o Jo

X [ber,z)(\/Zzwé) + bei% (\/ZZWS)] dtdé, z,w> 0.

(2.52)

Now, by taking into account the following integral representation [1, p. 337, 3.324(1)]

/Oo e HV = \/glq(\/ﬁ), R(B) = 0,R(y) > 0, (2.53)
0

integral (2.52) is written as

oo [,2 2
Iv<min(w, z))K,,(max(w, z)) = /0 / ZZ§++W1 K (\/(2‘5 +1)(z2 + w2)>
X [berlzj (v2zwé) + bei,z,(,/Zzwé)] dé, zw>0.

(2.54)

For showing more results, wesetz = wand v = £1/3,v = £2/3in Lemma 2.19, and then
we add and subtract the associated relations to state the following theorems.

Theorem 2.20: Forx > 0, the following integral representation holds for the products of Airy
functions

WL /oo K (\/8/9x3(2§ T 1))
o

Ai(x)Bi(x) = A NeEm)
X [beril(\/8/9x3§) + ber? (v/8/9:%)
+ bei? | (v/8/9x%8) + bei (\/8/9x3§)] d, (2.55)
3 3
g 2 o i (V3/9°@E +1)
T = /o JEF1

x [berz_l(\/8/9x3§ — ber? (v/8/9x%)
+ bei? | (v/8/9x%) — bei (\/8/9x3$)] dt. (2.56)
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Theorem 2.21: For x > 0, the following integral representation holds for the products of
derivatives of Airy functions

224/ /oo Ki(V8/9° 25 + 1)
0

Ai'(x)Bi'(x) = — o NoER
x [berz_;(\/8/9x3.§) + ber? (v/8/9x3¢)
3 3
+ bei? ; (v/8/9x%) + bei (\/8/9x3§)] dg, (2.57)
o 2 ax2 (oo Ki (\/8/9x3(2§ ¥ 1))
) = 937 /o V2EF1

X [beri;(\/8/9x3§) — ber? (v/8/9x3¢)
+ bei? , (v/8/9x%8) — bei (\/8/9x3§)] de. (2.58)
3 3
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